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Abstract

It is shown thaany sibsetX which is dosed under conjugation does not divigé(2, 2%) non-
trivially if f # 1; that is, there exists no perfect code in the Cayley grapfblg®, 2%) with respect
to X if f # 1. A list of subsetsX closed under conjugation and natural numbesuch thatX
possibly divides,SL(2, 2%) has been established. Moreover, as a case whésaot closed under
conjugation, the orbitX of involutions by conjugation of a Singer cycle 8fL(2, 2%) have been
considered and it has been determined whether they diid&?2, 2% non-trivially or not.
© 2003 Elsevier Ltd. All rights reserved.

1. Preliminaries

For anon-empty subseX of a finite groupG and a natural numbey, it is said thatX
dividesAG if there is a subseY of G such that each elemeigtof G is written in exactly
A ways agg = xy with x € X andy € Y, the sibsetY is called acodewith respect taX
and we writeX - Y = AG. Note hat if X dividesAG with codeY, thenx = |X]||Y|/|G]|
andx < |X|. Itis said X trivially dividesAG if X = G or » = |X]; in thecaseX = G,
we haveX - Y = AG for any subseY of cardinalityA, and inthe case. = |X|, we have
XY = AG with Y = G. For X dividing AG, it could be assumed that < |X| — 1;
otherwise it is the trivial case. X is a auubgroup ofG or a set of representatives of left
cosets for some subgroup &, then X divides G obviously. Suppose that a subsét
dividesAG with codeY. ThenX - (Yg = AG for anyg € G. Therdore if we can take
elementgs, g2, ..., g of GsuchthatY U(Yq) U(Y@)U---U(Yg) = Y'is adisjoint
union, thenX dividesr AG with codeY’.
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Table 1
The chaacter table 053
Class name 1 u S
Size 1 3 2
X1 1 1 1
X2 1 -1 1
x3 2 0 -1

Let X be a subset d& suchthat X doesnotcontain the identity 1 o6 and X coincides
with X~1 := {x~1 | x € X}. Assume thaX dividesG with codeY. ThenY is partitioned
into pairs{y1, y2} suchthaty; € Xy> andys € Xyi. In patticular,|Y| is even.

For a firte group G and its non-empty subsét, theCayleygraphI' (G, (2) is the graph
with the vertex seV I = G and the edge s&I" = {(g,h) | gh™! € £2}. Thedistance
d(v, w) is the shortest length of paths fromto v; if X # X1, we defined (v, w) by
using directed paths. A subgetof the vetex setV I is called aperfect e-codé for any
vertexv, there isauniguec in C suchthatd (v, ¢) < e. Pafecte-codes in the Cayley graph
I'(G, 12) are perfect one-codes in the Cayley grdj(its, X), whereX is the set of vertices
x with a(x, 1) < ein I'(G, £2). So when ve consider perfece-codes in a Cayley graph,
we may assume that= 1. Notethat X dividesG with codeY if and only if G is covered
by the dsjoint sets{Xy | y € Y}. If X - Y = G and X contains the identity, the¥ is a
perfect one-code i’ (G, X\{1}).

Lemma 1. If a subsetX dividesiG with code Y # G, thenthe Caylg graph I'(G, X)
haseigenvalue 0. If in addition X contains the identity, the Cayley grBpB, X\{1}) has
eigenvalue-1.

Proof. Let A be the adjacency matrix df (G, X). For a sibsetZ of G, let ¢z be the
column vector indexed by the elements®@fwhose entries are 1 or 0 according as the
vertex belongs toZ or not. Then we haveAdy = APg and Adg = |X|dg. Thus
A(dy — A X|"1dg) = 0. Moreover, &y # A|X| 1&g sinceY # G. Herce A has
eigenvalue 0. O

Lemma?2 ([1, Theorem 7.2]).Let G bea finite group and{C;}; the conjugacy classes.
Let X be a subset of G closed under conjugation of G:=X| J;.7 (i for sone index
setZ. The eigenalues of the Cayley graph(G, X) are ) ;.7 ICi|9(ci)/¥ (1), where ¢ is

a representative of the conjugacy clagsand ? runs through all irreducible characters
of G. Moreover, the multiplicity of an eigenvalweof I'(G, X) equals the sum of (1)2
over all irreducible character$ suchthate = > ; .7 |Ci |9 (i) /9 (D).

For example the claracter table ofSs is given in Table 1 wherel/ and S are the
conjugacy classes coggonding to the partitions'a! and 3, resgctively. LetX be a
subset ofS; closed under conjugation. K dividesA Ss then it can easily be deduced that
X =U, S\U or S from Lemmas land2. In fact, thesubsetd/ and S$\U/ divide S with
codeY = {id, (1 2)}.

Theorem 3 (An Analogue to P]). Let G be a finite group, X its subsghot necessarily
closed under conjugatignand a natural number. Assume that G has a subgroup H with
the poperty that
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(1) the order|X| of X does not divide|H |, and
(2) the matrix By (X) is non-singular, where R is the permutation representation of G

acting on the cosets KG and X is the sum of efaents of X in the rpup algebra
C[G] over the complex fiel@.

Then Xdoes not divide.G non-trivially.

Proof. Assume thai¥ = AG in the groupalgebraC[G] for some subseY of G. Then
PH(X)PH (Y) = Py (AG) = APH(G) By the assumption (2), there exists the inverse
matiix PH(X) 1 which can be described as a polynomlaIRﬁ(X) Slnce PH(G) =

PH (x) PH(G) for anyx in G, it is obtained thaPy (Y) = Py (X) 1Py (G) =ak PH(G)

for some rational numbea. Then, by multiplying the last equation by (X) from the
left, we havea = |X|~1. Herce it is obtained that

G A AlH|
Pi(Y) = —Pu(G) = =1,
[X]| [X]|
whereJ is the matrix with all entries 1. This equation contradicts the fact that the matrix
Py (Y) = Zer P4 (y) has integral entries. ]

Remarks4. (1) Thematix Py (?) is non-singular if and only iiR(?) is non-singular
for each irreducible representati®appearing inPy .
(2) X dividesAG with codeY if and only if G\ X divides uG with codeY, where
w=IY[-

Lemmas. Let X divideAG with code Y. Assume that there exists a subgroup H of G such
that the matrix B (X) is non-singular. Then the following hold.

(1) The integet is divisible by|X|/ gcd(| X|, |[H]).
(2) If X is closed under conjugation, them is divisible by (|G| — |X|)/gcd|G| —
IX[, [H]), wherew = [Y]| — A.

Proof. The claim (1) derives frorftheorem 3Suppose thak is closed under conjugation.
ThenGTX belongs to the center &[G]. Thus each irreducible component@f (GYX)

is a scalar by Schur’s lemma. Sinﬁ(aG’\\X) = —ﬁ(?) # 0 for each non-trivial irreducible
charactery appearing in the character ¢ty, the marix Py (G\X) is non-singular.
Therefore the claim (2) of this lemma follows frormeorem 3 [

We mnsiderwhich X dividesG = SL(2, q) for a powerq of 2. Note that the special
lineargroup SL(2, 2) is isomophic to the symmetric groufs, and so the l@ument for
g = 2 isove. Throughout this paper, we assume thas a power of 2 greater than 2. Let
Z andJ be the index sets

T:=1{12...,@=2/20 and J:={L2 ...,9/2).

The character table &L(2, q) is given inTable 2 wheres ande are primitive(q — 1)st
and(g+ 1)st roots of unity in tie conplex number fieldC, respectively. For each subgroup

H of SL(2, q), thepermutation character’t®? is written as

152 = |H 12(2 ﬂ(x)) (1)

xeH
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Table 2
The chaacter table ofSL(2, q)
T Sj
Class name 1 u Qe Qe
Size 1 g®-1 q(q+1) q@-1
X0 1 1 1 1
X1 q 0 1 -1
¥m mi —mi
meD q+1 1 M 48 0
¢n ni _ni
e qg-1 -1 0 —(EV + ™)
Table 3
The decompositions ofg (G =SL(2,q)andg = 2f >4
SubgroupH |H| The decomposition
1 1 X0 + axi + @+1 > m¥m + @=1>h¢n
S q+1 X0 + Ym¥m  + 2n¢n
NG (S 2(q+1 X0 + 2 m¥m
(t) q-1 X0 + 2x1 + > m¥m + 2> on¢n
Ng ({t) 2(q-1 X0 + X1 + 2m¥m
u q xo + x1 o+ 23 m¥m
B q(q—1) X0 + x1

Here S is a Singer cycle ofG, t a dagonal matrix of orderq — 1, U the standard unipotent radical
{ [é ‘i] ‘ o€ GF(q)}, B = Ng(U) the standard Borel subgroup and the summations runmver Z and
neJ.

by the Frobenius reciprocity, where the first summatjoyy runs over allirreducible
character® of SL(2, q). UsingTable 2and Eg. {), the decomposition of the permutation
character i"(z’q) into irreducible characters is obtainedTiable 3 for each subgroupi

of SL(2, Q).

2. Thecasewhere X isclosed under conjugation

Let us assume that the subsgtis closed under conjugation in this section. For
an irreducible representatioR, R(X) is a scalar by Schur's lemma and therefore the
condition (2) ofTheorem Xan be checked easily.

Theorem 6. Suppose that X is a non-trivial subset closed under conjugation of
SL2,q) (g = 2F > 4). Assume that X does not contain the identity and X divides
ASL(2,q). Then X isone of the following with. divisible by in the table.

Subset X A (whenym(X) # Ofor all m € T)
u q-1
(UieIo Ti) u (Ujej’ 5]) IX|/(Po®)
(Uier 7)Y (Ujer, Si) IX1/(p/a) (1X1/2),

whereZ (respetively 7o) is a ubset(possibly empiy of the index sef (respetively 7)
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suchthat
Z(aoi +80~") = 0 | respetively > (eol + 607 1) =0
ieZy jedo

for some(q — 1)st (respetively (g + 1)st) root 5o (respetively o) of unty in C,
T’ (respetively J') is a subset(possibly empty of Z (respetively 7),

Po := gcd(|Zol, q — 1) if Zp # ¥, or q — 1 otherwise

p':=gcd(|Z'|,q — 1) if ' # @, or g — 1 otherwise
Proof. SubsetsX for which the Cayley graphE(SL(2, q), X) have eigenvalue 0 will be
listed first, and then conditions onare considered by taking suitable subgrodpsn
Theorem 3Let

X=all+) bTi+)Y ¢,

ieZ jeJ

wherea, bj(i € 7),cj(j € J)areOor 1.

Assune that the eigenvalue correspondingias equal to O; that IS)(l(X) = 0. Then
the equation

0=04 Y PA@+D-1, iA@Y

ieT jeJ q
=@+DY b—@-1 ) ¢
ieZ jeJ

is obtained. By considering this equation modgle- 1, the sefi € Z | bj = 1} has to be
empty since) ;.7 bi < |Z| = (q — 2)/2. This implies that the index s¢f € J | ¢j = 1}
is also empty. Therefore, we have

X =U,ord.

To detemine for X = U, let us setH = S. The rreducible repesentation® appearing
in Ps are those aﬁor(ﬂng(o, Ym (M € Z) andyn (n € J) by Table 3 S’nge each of
the scalar matriceR({) is not zero by the character table, the matFx(() is non-
singular If U dividesASL(2, q), then he irtegera is divisible by |i/|/ gcd(|U], |S]) =
(@®>—1)/gedg? — 1, + 1) = g — 1 byLemma §1).

In the case Whererm(X) = 0 for somem € Z, we have 0= (q —Da+q(q+
1) x Z,d(am' + §~Mhb;. This equation modulg implies thata = 0. Thus we have
S iez(8™ 4 8~™hb = 0 and sdi € Z | bj = 1} = Zo for someZo. Therdore, we have

(7))

To detemine 1 for this subsel, let us setH = B, the standard Borel subgroup. In that
case the matri®Pg (X) is non-singular byrables 2and3 and by the argument for the case
x1(X) = 0. If X dividesASL(2, q), then ntegerx is divisible by | X|/ gcd(| X|, |B]) =
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|X]/(poq) since|X| = q((q+1)|Zol +(q—1)|J']) and|B| = q(q—1). Herce the second
row of the list is apparent.
In the case wheren(X) = 0 for somen € 7, the gquation

X = (Igﬁ) u (jyjosj)

holds by an argument similar to the previous casdrnl.t?) = 0 for somem € Z, then
the condition om is already obtained. Suppose thigh(X) # O for allm € 7 and let
us setH = B, H = Nsi2,q(S) andH = Ns2,)({t)) in turn. Then the matriPH(?)
is non-singular for eacld by Tables 2and 3. Assume thaX dividesASL(2, q) and set
ro .= gcd|Jl,q + 1) if Jo # @, or p+ 1 otherwise. The the irtegerx is divisible by
IX1/(P'a), [XI/ ged(| X[, 2(q + 1)) = |X|/(2ro) and| X|/ ged(| X, 2(q — 1)) = |X|/(2p))
as|X| = q((g + DIZ'| + (@ — 1)|Jol). In order to take the least common multiple of
these three integers, we caldaldhe greatest common divisor QfY, 2ro and 2o'. The
integer 2 is, however, the greatest common divisor of the last two integeasn@ 2p’
since gcdg — 1, g+ 1) = gecdg — 1, 2) = 1. Therefore, the integeris divisible by|X|/2
and hence the theorem is proved.]

Problem. For eachX in the table ofTheorem ¢ deermine whetheX dividesASL(2, q)
or not.

The list inTheorem Bwith . = 1 settles the perfeat-code problem irSL(2, q) when
SL(2, q) acts on the Cayley graph by conjugation:

Theorem 7. For a subset X closed under conjugation and a power q of 2, the special
linear group SL2, q) is divided by X non-trivially if and only if = 2 and X = U or
X = SL2,2\U.

In the following, we shall outline the proof afheorem 7 When X does not contain
the identity, Theorem 7ollows from Theorem 6and the fact thatY| is even, whereY is
a mde of G with respect toX. Assume thaiX contains the identity. It has already been
noticed inSection 1that G\ X dividesu G with u = |Y| — A. Herce G\ X must bein the
list of Theorem 6 Applying Lemma %2), we have the following corollary. The proof is
omitted because it is quite similar to that ®fieorem 6

Corollary 8. Suppose that X is closed under conjugation and X contains the identity. If
X dividesASL(2, q), then X isone of the following with. divisible by’ in the table.

Subset X A (whenym(X) = Ofor all m € T)
SL2 o\ IX/@+D
SL2 O\ ((Uiezo 7)Y (Ujer S1)) IX1/(poa)
512 9\ (Uiez T) Y (Uje Si)) IX1/(p'Q) (X1/2),

whereZg (respetively Jo) is a aubset(possibly emply of the index sef (respetively J)
suchthat

Z((Soi +80H=0 (resped:ively > (eo) +e07 1) = 0)

ieZy jedo
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for some(q — 1)st (respetively (g + 1)st) root 5o (respetively o) of unty in C,
T’ (respetively J') is a subset(possibly empty of Z (respetively 7),

po := gcd(|Zol,q — 1) if Zg # @, or g — 1 otherwise

p i=gcd|Z'|,q - 1) if I # @, or g — 1 otherwise

It is clear that the integer’ is greater than 1. Therefolgheorem 7holds.

3. Some caseswhere X isnot closed under conjugation

We mnsider an orbiX of an involution by conjugation of a Singer cycle as a case where
X is not closed under conjugation.

Letq = 27 > 4 and GKg?) be the fiiite field of g2 elements. Lep be a prmitive
(q + 1)st root of unity in the multiplicative group GE2)* and denote! + p~1 by nj.
For eacha € GF(q) with « # 0, take mé#&ices

R R TR A

Lemma 9. Wehavenj = n_j, ng41 = no = 0,nj2 = n2j,

ning =ni+j +niej  and  ni +nj = i)Yo

If ni = nj,thenvehavei= +j modq+1. Theorder of s is gt 1; thatis, s isa gererator
of a Snger cycle. By definition,iscan be written as

o - nl—ll:anrl ] }
nj nj-1
Moreoveythefield GF(q) coincides with the se{tyj_lnj+1 | j=1,2,...,q}, sincethe
matrix s acts on the project line R® q) regularly.

Theorem 10. Let X, be the orlit of the involution i, by conjugation ofs):
={slu,s11j=012....q97 (@=2"
for o € GK(Q) with o £ 0. Then X%, does not divide.SL(2, q) non-trivially if « # n3.

Proof. Let P be the pemutdion representation o8 L(2, q) acting on the projective line
PG(,0q). If P()Ta) is non-singular, therX,, does not divide.SL(2, q) non-trivially by
Theorem 3with the uubgroupH being the standard Borel subgroBpof orderq(q — 1).
Thus, it is sufficient to show thzft()/(;) is non-singular.

The elements oP G(1, q) can be arranged as

ol

Then the(i, j) entry P(XO[)I ,j of the matrlx P(Xa) is the nunter of k's such that
skuas kvj = vi. Note hat the matrixP(X,) is circulant:P(X,)i j = P(Xy)i—j.0 since
sX s~ Xa, where we understand the index modgle- 1.

ae GF(Q)X} and v =swfori=12...,q.



1084 S. Terada / European Journal of Combinatorics 25 (2004) 1077-1085

Fork=0,1,2,...,q,let

Ku,s ™ vg = { c [Z}

We haveb = 0 if andonly if k = 0. Assume thab # 0. Then

ce GF(q)X}.

ab™! = o712 (2 + ankgank) ()
since

sfu, 5

Kugs™* = 532 [ m+oancank ki }
ank n2 + ank+1mk

If the number of indicek satisfying Eq. ) is even for eachab™! € GF(q), then the
matix P(Xy) has entries 1 on the diagonal and evregers off the diagonal. Hence the
deterninant ofP()/(;) is odd; in particularP()/(;) is non-singular.

Note that Eq. 2) is equivalent to 8) below:

a@b™ ok + nak1 + 1) +n2 =0 (3

obtained by multiplying each of the terms &)y ank? and usingyk 17k = n2ks1 + 71

Now we would like to show the number d&f satisfying @) is even for eachab™ ¢
GF(q). Assume thak satisfies Eq.3) and takethe indexi suchthatab™! = 5 ~1i41
by Lemma 9 Thenab 1 + ni;1 = 0 and 0= (ab™ 1y + niL1)ni—2x = ab L(n2i_ok +
n2k) + N2i—2k+1 + N2k+1. Thus

0 = {a(ab™ Yok + nakr1 + 1) + 12}
+afab ™ (mai—ok + 1K) + M2i—2k+1 + N2kt
= a@b ik + n2i—ky+1 + 1) + n2;

that is,i — k (mod q + 1) alsosatisfies Eq.J). If i — k = k modq + 1 thenn; = 52 and
Ni+1 = n2x41 by definition of 1. Herce we haverni + 12 = 0 sinceab™ = o 1ok 1.
This contradictg] > 4 if « # n1. Therdore, the number ok satisfying Eq. 8) is even if
a # n1. Thus the theorem is proved[]

In the case wheree = n53, the setX,; divides SL(2,q) since X,, is a set of
representatives of the coseé®d (2, q)/B. FurthermoreTheorem 10mplies the theorem
below on conjugation.

Theorem 11. Let g be apower of 2 greater than 2 and X an orbit of an involution by
conjugation of a Singer cycle of $2, q). Then XdividesASL(2, q) non-trivially if and

only if X is conjugate to ) ; thatis, X is a complete set of representatives of left cosets
for a Borel subgroup in S(2, q).
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