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1 Introduction

Let F be a finite field of order q = pl, where p is a prime, and X be a finite set; by FX

we denote the F-vector space with basis X ; and any subspace C of FX is said to be a linear

code over F. Further, if X is a group, then FX is an algebra with multiplication induced from

the multiplication of X , which is called the group algebra of the group X over F; and any left

ideal C of FX is said to be a group code. On the other hand, with respect to the basis X of

the vector space FX , we have a standard inner product on FX , and the orthogonal subspace

C⊥ of a linear code C is called the dual code of C; we call C a self-dual code if C = C⊥. It is

an interesting question to find conditions such that a group algebra has self-dual group codes.

In general, this question can be extended to the group algebras over finite rings.

In [1], finite abelian groups were considered and some results on the non-existence of

self-dual group codes were shown. For direct products of finite 2-groups and finite 2′-groups,

reference [2] showed that the self-dual group codes do not exist. Using the representation theory

of finite groups, for group algebras over finite Galois rings reference [3] gave a complete answer

for this question.

Extending group codes, in this note we introduce permutation codes of finite groups, and

study self-dual permutation codes. We obtain some conditions for the existence or non-existence

of the self-dual permutation codes of finite groups. Our results extend the results mentioned

above in the case of finite fields. In particular, for direct products of finite 2-groups and finite

2′-groups, we have a complete answer for the question.
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In the next section we introduce the permutation codes and some general facts. In Section

3 we state and prove the main results.

2 Permutation Codes

Let F be a finite field of order q = pl, where p is a prime; let G be a finite group. Let

X be a finite G-set, that is, X is a finite set and there is a G-action on X , namely, a map

G × X → X , (s, x) 7→ sx, satisfying that (ss′)x = s(s′x) for all s ∈ G and all x ∈ X , and that

1x = x for all x ∈ X .

Let FX = {
∑

s∈X

as s | as ∈ F } be the F-vector space with basis X . Extending the G-action

on X linearly, FX becomes an FG-module, called an FG-permutation module, cf. [4, §12].

Definition 1 We say that C is a G-permutation code of FX , denoted by C ≤ FX , if C

is an FG-submodule of the FG-permutation module FX .

Example 1 Any finite group G is a G-set by left multiplication, that is, left translation;

and the regular module of the group algebra FG is an FG-permutation module. A permutation

code C ≤ FG is just a left ideal of the group algebra FG, which is just the so-called group code

in Introduction.

Example 2 Let G = {1, s, · · · , sn−1} ∼= Zn be a cyclic group of order n. Let X =
m

︷ ︸︸ ︷

G ∪ · · · ∪ G which is a G-set by left translation. Then,

FX =

m
︷ ︸︸ ︷

FG ⊕ · · · ⊕ FG

=
{

(a00 + a01s + · · · + a0,n−1s
n−1, · · · , an−1,0 + an−1,1s + · · · + an−1,n−1s

n−1)
∣
∣
∣aij ∈ F

}

.

Then, a subset C ⊆ FX is a permutation code if and only if for any

(c00, c01, · · · , c0,n−1, · · · , cn−1,0, cn−1,1, · · · , cn−1,n−1) ∈ C,

we have

(c0,n−1, c00, · · · , c0,n−2, · · · , cn−1,n−1, cn−1,0, · · · , cn−1,n−2) ∈ C,

that is, if and only if C is a so-called m-cyclic code.

This example shows that, though group codes can be recognized as permutation codes, the

permutation codes may be not group codes.

The F-vector space FX is equipped with a non-degenerate symmetric bilinear form
〈

∑

x∈X

axx,
∑

x∈X

bxx

〉

=
∑

x∈X

axbx, ∀ a =
∑

x∈X

axx, b =
∑

x∈X

bxx ∈ FX,

we call it the classical inner product on FX . For any s ∈ G and any a =
∑

x∈X

axx and

b =
∑

x∈X

bxx ∈ FX , we have

〈s(a), s(b)〉 =

〈

s
( ∑

x∈X

axx
)

, s
( ∑

x∈X

bxx
)
〉
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=

〈
∑

x∈X

axsx,
∑

x∈X

bxsx

〉

=
∑

x∈X

axbx

= 〈a, b〉.

That is, the classical inner product on FX is G-invariant in the following sense:

〈s(a), s(b)〉 = 〈a, b〉, ∀ s ∈ G , ∀ a,b ∈ FX.

For any U ≤ FX , denote U⊥ = {a ∈ FX | 〈u, a〉 = 0 , ∀ u ∈ U}. If C is an FG-submodule

of FX , then for any s ∈ G and c′ ∈ C⊥, and for any c ∈ C, by the G-invariance of the inner

product we have that

〈sc′ , c〉 = 〈sc′ , ss−1c〉 = 〈c′ , s−1c〉 = 0,

so sc′ ∈ C⊥, that is, C⊥ is G-invariant. Hence, C⊥ is an FG-submodule too.

Definition 2 A permutation code C ≤ FX is said to be self-dual if C⊥ = C.

Next we introduce the dual modules. Let FX be the FG-permutation module as above.

Let C ≤ FX be a permutation code, i.e., a submodule of FX . Define

C∗ = HomF(C, F) = { γ : C → F | γ is linear }.

It is well-known that C∗ ∼= C as vector spaces, in particular

dim C∗ = dimC.

Further, define a natural G-action as follows:

sγ(c) = γ(s−1c), ∀ s ∈ G, γ ∈ C∗, c ∈ C.

Then, C∗ is an FG-module, called the dual module of C, cf. [4, §12]. Note that this is different

from the dual code in the coding theoretical sense. Recall from the representation theory of

finite groups that an FG-module M is said to be self-dual if M ∼= M∗ = Hom(M,F). For

example, the trivial module F, which is a one-dimensional F-vector space with trivial G-action,

is a self-dual FG-module.

Lemma 1 Let C ≤ FX be an FG-permutation code. Then, the classical inner product

induces a homomorphism β : FX → C∗ such that the following is an exact sequence of FG-

modules

0 −→ C⊥ −→ FX
β

−→C∗ −→ 0.

Proof For any a ∈ FX , define β(a) : C → F by β(a)(c) = 〈a, c〉, ∀ c ∈ C, then, from

the usual linear algebra, we have a surjective linear homomorphism

β : FX −→ C∗, a 7−→ β(a).

For s ∈ G and a ∈ FX and c ∈ C, by the G-invariance of the inner product we have

β(sa)(c) = 〈sa, c〉 = 〈sa, ss−1c〉 = 〈a, s−1c〉 = β(a)(s−1c) = sβ(a)(c),

that is, β(sa) = sβ(a), ∀ s ∈ G and a ∈ FX . Thus, β is an FG-homomorphism. It is clear

that the kernel Ker(β) = { a ∈ FX | 〈a, c〉 = 0, ∀ c ∈ C } = C⊥. Hence, we have the desired

exact sequence of FG-modules.
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Corollary 1 If C ≤ FX is a permutation code such that C ⊆ C⊥, then C is self-dual if

and only if dimC = |X |/2. In particular, if FX has a self-dual code, then |X | is even.

Proof As a consequence of the exact sequence of the lemma, we get that |X | = dimC⊥+

dimC∗, but dimC∗ = dimC, so we have dim C + dimC⊥ = |X |.

Thus, C = C⊥ if and only if |X | = 2 dimC.

3 Transitive Permutation Codes

In this section we consider transitive permutation codes, that is, X is a transitive G-set,

and study self-dual permutation codes.

Let G be a finite group, and X be a transitive G-set, and x ∈ X . Denote Gx = {s ∈ G |

sx = x}, called the stabilizer of x in G, and let G/Gx denote the set of all the left cosets sGx.

Then, G acts on G/Gx by left multiplication, and the stabilizer in G of the coset Gx is just

Gx. Moreover, the G-action on X is equivalent to the G-action on G/Gx. In particular, if Gx

is normal in G, then the permutation module FX is equivalent to the regular module of the

quotient group G/Gx.

Thus, we have the following from Corollary 1 at once.

Corollary 2 Let X be a transitive G-set and x ∈ X . If there is a self-dual code in FX ,

then |G : Gx| is even.

Let us recall an elementary fact from representation theory of finite groups. For any FG-

module V there is a series of submodules V = V0 ≥ V1 ≥ · · · ≥ Vr = 0 such that every

quotient module Vi−1/Vi is a simple FG-module, and the collection Vi−1/Vi, i = 1, · · · , r, are

independent, up to isomorphism, of the choice of the series. Thus, for a simple FG-module S,

we can speak of the multiplicity in V of the simple module S.

If FG is a semisimple algebra, then it is a direct sum FG =
h⊕

i=1

Mni
(Di) of matrix algebras

Mni
(Di) of degree ni over Di, which corresponds to exactly one simple module Si, and Di is

the endomorphism algebra of Si, and ni is just the multiplicity of Si appeared in the regular

module FG; in particular, the trivial FG-module F appears in the regular module exactly once

[4, §13]. Further, we have

Lemma 2 Let X be a transitive G-set. If the characteristic p of F is prime to the order

of G, then the trivial FG-module F appears in FX exactly once.

Proof This is somewhat known. We sketch a proof for convenience. Let x ∈ X , then FX

is the induced module IndG
Gx

(F) of the trivial FGx-module F. On the other hand, the regular

FGx-module FGx = IndGx

1
(F) is an induced module. Under the present condition, both FGx

and FG are semisimple, see [4, §12 Cor 8]. So FGx = F ⊕ · · ·, and

FG = IndG
Gx

(FGx) = IndG
Gx

(F) ⊕ · · · ∼= FX ⊕ · · ·

which is semisimple with the trivial module F appeared exactly once. Hence, the trivial FG-

module F appears in FX exactly once.

Proposition 1 Assume that F is of odd characteristic. Let X be a transitive G-set and

x ∈ X . If the intersection of the stabilizer Gx of x with any Sylow 2-subgroup of G is a Sylow

2-subgroup of Gx, then there is no self-dual code in FX .
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Proof Let T be a Sylow 2-subgroup of G. Assume that |T | = 2a and |T ∩ Gx| = 2b and

|Gx| = 2bn, then |G| = 2anm and mn is an odd integer. Consider the action of T on X , and

let Y ⊂ X be a T -orbit, and take y ∈ Y . By the transitivity of X , there is an s ∈ G such that

sx = y, hence, sGxs−1 = Gy. So,

T
⋂

Gy = T
⋂

sGxs−1 = s
(

s−1Ts
⋂

Gx

)

s−1,

in particular, |Ty| = |T
⋂

Gy| = 2b, hence the length |Y | = |T : Ty| = 2a−b. Thus the total

number of the T -orbits is

|X |/|Y | = |G : Gx|/2a−b = 2amn/2bn2a−b = m,

which is an odd integer. Therefore, as FT -modules we have

FX ∼=

m
︷ ︸︸ ︷

FY ⊕ · · · ⊕ FY .

By Lemma 2, the trivial FT -module F appears in FY exactly once, thus, the multiplicity of

the trivial FT -module F in FX is the odd number m.

Suppose that the FG-permutation module FX has a self-dual code C, that is, C is a

submodule and C⊥ = C, then by Lemma 1 we have an exact sequence of FG-modules:

0 −→ C −→ FX −→ C∗ −→ 0,

which is of course also an FT -module sequence. Assume that the multiplicity of the trivial

FT -module F in C is m′, then the multiplicity of the dual of the trivial FT -module F in C∗ is

m′. But, the trivial module F is self-dual, the multiplicity of the trivial FT -module F in C∗

is also m′. Thus, the multiplicity of the trivial FT -module F in FX is 2m′, which contradicts

that this multiplicity is odd.

Corollary 3 Assume that F is of odd characteristic. Let X be a transitive G-set and

x ∈ X . Then, there is no self-dual code in FX if one of the following holds:

(1) |Gx| is odd.

(2) Gx is normal.

(3) G has a normal Sylow 2-subgroup.

Proof In any one of the three cases, the intersection of Gx with any Sylow 2-subgroup

of G is a Sylow 2-subgroup of Gx, so the conclusion is proved.

If take X = G to be the regular G-set and take x = 1, then FX = FG, and G1 = 1, so

both (1) and (2) of the corollary are satisfied, and we get [3, Prop. 3.1] again for the case of

finite fields.

Proposition 2 Assume that F is of characteristic 2. Let X be a finite transitive G-set

and x ∈ X . If there is a subgroup H of G such that H ⊇ Gx and |H : Gx| = 2, then there is a

self-dual permutation code in FX .

Proof By the condition, we can assume that H = Gx ∪hGx where h ∈ H −Gx and h2 ∈

Gx, and assume that |G : H | = n and G = s1H ∪ · · · ∪ snH with s1 = 1. Let Y = {x, hx} ⊂ X .

Then, X = Y ∪ s2Y ∪ · · · ∪ snY is a disjoint union, and as F-vector space we have the following

orthogonal direct sum:

FX = FY ⊕ F(s2Y ) ⊕ · · · ⊕ F(snY ).
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Consider the FH-permutation module FY , and take

C1 = F · (x + hx) = { ax + a(hx) | a ∈ F }.

Then, it is clear that C1 is an FH-submodule of FY, and C1 ⊆ C⊥
1

. Since dimC1 = 1 and

dimFY = 2, by Corollary 1 we have that C1 = C⊥
1

which is a self-dual code of FY . For

i = 1, 2, · · · , n, it is clear that siC1 is a subspace of F(siY ) such that siC1 = (siC1)
⊥, and

C = C1 ⊕ s2C1 ⊕ · · · ⊕ snC1

is an FG-submodule of FX , which is in fact the induced FG-module form the FH-module C1,

and it is clear that C = C⊥. That is, C is a self-dual permutation code in FX . The proof is

completed.

If take X = G to be the regular G-set and take x = 1, then FX = FG, and G1 = 1. By

Sylow Theorem, there is an H ≤ G such that |H : 1| = 2 if and only if |G| is even. Thus we

deduce [3, Prop. 3.2] again for the case of finite fields.

Theorem 1 Let F be a finite field and G = T ×S be a direct product of a finite 2-group

T and a finite 2′-group S, let X be a finite transitive G-set. Then, the permutation FG-module

FX has a self-dual code if and only if both the characteristic of the field F and the length of

X are even.

Proof If |X | is odd, by Corollary 2, FX has no self-dual code. If the characteristic p of

F is odd, by Corollary 3(3), FX has no self-dual code. The necessity is proved.

Assume that both p and |X | are even. Take x ∈ X , and Gx denotes the stabilizer of x.

Then, Gx ∩ S is a normal Hall 2′-subgroup of Gx, and Gx ∩ T is a normal Sylow 2-subgroup of

Gx. Hence,

Gx = (Gx ∩ S) × (Gx ∩ T ),

and |G : Gx| = |S : Gx ∩ S| · |T : Gx ∩ T |. Since |X | = |G : Gx| is even, |T : Gx ∩ T | = 2b with

b ≥ 1, and there is a subgroup R ≤ T such that R ⊃ Gx ∩ T and |R : Gx ∩ T | = 2. Set

H = (Gx ∩ S) × R ≤ S × T = G,

then H ⊃ Gx and |H : Gx| = 2, thus, by Proposition 2, the permutation FG-module FX has

a self-dual code.
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