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Abstract— Snake-in-the-box code is a Gray code, which is
capable of detecting a single error. Gray codes are important in
the context of the rank modulation scheme, which was suggested
recently for representing information in flash memories. For a
Gray code in this scheme, the codewords are permutations,
two consecutive codewords are obtained using the push-to-the-
top operation, and distance measure is defined on permutations.
In this paper, the Kendall’s 7-metric is used as the distance
measure. We present a general method for constructing such
Gray codes. We apply the method recursively to obtain a snake
of length M5,,+1 = ((2r+1)(2n) — 1) M;, _1 for permutations of
S2n+1, from a snake of length M5, _; for permutations of S,,_1.
Thus, we have nango M3,41/52n+1 ~ 0.4338, improving on

the previous known ratio of nl_i)moo 1/+/(zn). Using the general

method, we also present a direct construction. This direct
construction is based on necklaces and it might yield snakes of
length (2n 4+ 1)!/2—2n + 1 for permutations of S,,,41. The direct
construction was applied successfully for S7 and S9, and hence
nlggo M3, 41/ S20+1 ~ 0.4743.

code, necklaces,
snake-in-the-box

Index Terms—Flash memory, Gray
push-to-the-top, rank modulation scheme,
code, spanning tree, 3-uniform hypergraph.

I. INTRODUCTION

LASH memory is a non-volatile technology that is

both electrically programmable and electrically erasable.
It incorporates a set of cells maintained at a set of levels
of charge to encode information. While raising the charge
level of a cell is an easy operation, reducing the charge level
requires the erasure of the whole block to which the cell
belongs. For this reason charge is injected into the cell over
several iterations. Such programming is slow and can cause
errors since cells may be injected with extra unwanted charge.
Other common errors in flash memory cells are due to charge
leakage and reading disturbance that may cause charge to
move from one cell to its adjacent cells. In order to overcome
these problems, the novel framework of rank modulation was
introduced in [8]. In this setup the information is carried by
the relative ranking of the cells’ charge levels and not by the
absolute values of the charge levels. This allows for more
efficient programming of cells, and coding by the ranking of
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the cells’ levels is more robust to charge leakage than coding
by their actual values. In this model codes are subsets of S,
the set of all permutations on n elements, and the codewords
are members of S,, where each permutation corresponds to a
ranking of n cells’ levels from the highest one to the lowest.
For example, the charge levels (cy, ¢z, c3,c4) = (5,1,3,4)
are represented by the codeword [1, 4, 3, 2] since the first cell
has the highest level, the forth cell has the next highest level
and so on.

To detect and/or correct errors caused by injection of extra
charge or due to charge leakage we will use an appropri-
ate distance measure. Several metrics on permutations are
used for this purpose. In this paper we will consider only
the Kendall’s 7-metric [9], [10]. The Kendall’s r-distance
between two permutation 71 and 7 in S, is the minimum
adjacent transpositions required to obtained 7 from =i,
where adjacent transposition is an exchange of two distinct
adjacent elements. For example, the Kendall’s z-distance
between 71 = [2,1,4,3] and 7o = [2,4,3,1] is 2 as
2,1,4,3] - [2,4,1,3] — [2,4,3,1]. Two permutations
in this metric are at distance one if they differ in exactly
one pair of adjacent elements. Distance one between these
two permutations represents an exchange of two cells, which
are adjacent in the permutation, due to a small changes in their
charge level which changes their order.

Gray codes are very important in the context of rank mod-
ulation as was explained in [8]. They are used in many other
applications, see [3], [12]. An excellent survey on Gray codes
is given in [11]. The usage of Gray codes for rank modulation
was also discussed in [5], [6], [8], and [13]. The permutations
of §, in the rank modulation scheme represent “new” logical
levels of the flash memory. The codewords in the Gray
code provide the order of these levels which should be
implemented in various algorithms with the rank modulation
scheme. Usually, a Gray code is just a simple cycle in a graph,
in which the edges are defined between vertices with distance
one in a given metric. Two adjacent vertices in the graph
represent on one hand two elements whose distance is one by
the given metric; and on the other hand a move from a vertex
to a vertex implied by an operation defined by the metric.
A snake-in-the-box code is a Gray code in which two elements
in the code are not adjacent in the graph, unless they are
consecutive in the code. Such a Gray code can detect a single
error in a codeword. Snake-in-the-box codes were mainly
discussed in the context of the Hamming scheme, e.g. [1].

In the rank modulation scheme the Gray code is defined
slightly different since the operation is not defined by a
metric. The permutation is defined by the order of the charge
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levels, from the highest one to the lowest one. From a given
ranking of the charge levels, which defines a permutation,
the next ranking is obtained by raising the charge level of
one of the cells to be the highest level. This operation, called
“push-to-the-top”, is used in the rank modulation scheme.
For example, the charge levels (ci, c2,c3,cq4) = (5,1,3,4)
are represented by the codeword [1, 4, 3, 2], and by applying
push-to-the-top operation on the second cell which has the
lowest charge level, we have, for example, the charge levels
(c1,¢2,¢3,¢4) = (5,6,3,4) which are represented by the
codeword [2, 1, 4, 3]. Hence, the permutation 7, can follow
the permutation mx; if 7y is obtained from 7 by applying
a push-to-the-top operation on zj. Therefore, the related
graph is directed with an outgoing edge from the vertex
which represents z; into the vertex which represents ;.
On the other hand, one possible metric for the scheme is
the Kendall’s 7-metric. A Gray code (and a snake-in-the-box
code as a special case) related to the rank modulation scheme
is a directed simple cycle in the graph. In a snake-in-the-box
code, related to this scheme, there is another requirement
that the Kendall’s z-distance between any two codewords is
at least two, including consecutive codewords. For example,

cC = ([1,2,3,4], [4,1,2,3], [2,4,1,3], [3,2,4,1],
(4,3,2,1],[1,4,3,2], (3,1,4,2], (2,3, 1,4]) is
a  snake-in-the-box code in S4. The Kendall’s

7-distance between any two permutations in C is at
least 2.

One of the most important problems in the research on
snake-in-the-box codes is to construct the largest possible
code for the given graph. In a snake-in-the-box code
for the rank modulation scheme we would like to find
such a code with the largest number of permutations.
In a recent paper by Yehezkeally and Schwartz [13], the
authors constructed a snake-in-the-box code of length
Mo,11 = 2n + 1)(2n — 1)My,,—; for permutations of Sp,41,
from a snake of length M,,_; for permutations of Sz,_i.
We will improve on this result by constructing a snake of
length Ma,+1 = ((2n + 1)2n — 1)M5,— for permutations
of S7p41, from a snake of length M,, , for permutations

of S7,—1. Thus, we have lim % ~ 0.4338, improving on
n—oo 92n+l

the previous known ratio of lim L [13]. For these
n—oco NN
constructions of snake-in-the-box codes we need an initial
snake-in-the-box code and the largest one known to start
both constructions is a snake of length 57 for permutations
of Ss5. We also propose a direct construction to form a snake
of length w — 2n 4+ 1 for permutations of Sz,41. The
direct construction was applied successfully for S; and So.
This implies a better initial condition for the recursive

constructions, and the ratio lim /};’2”“ ~ 0.4743.
n—00 2n+l1

The rest of this paper is organized as follows. In Section II
we will define the basic concepts of Gray codes in the rank
modulation scheme, the push-to-the-top operation, and the
Kendall’s 7-metric required in this paper. In Section III we
present the main ideas and a framework for constructions of
snake-in-the-box codes. In Section IV we present a recursive
construction based on the given framework. This construction
is used to obtain snake-in-the-box codes longer than the
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ones known before. In Section V, based on the framework,
we present an idea for a direct construction based on
necklaces. The construction is used to obtain snake-in-the-
box codes of length @"—;rm —2n + 1 in S;,4+1, which we
believe are optimal. The construction was applied successfully
on §7 and on S9, and we conjecture that it can be applied on
S, for any odd n > 6. Conclusions and problems for future
research are presented in Section VI.

II. PRELIMINARIES

In this section we will repeat some notations defined and
mentioned in [13], and we also present some other definitions.

Let [n] = {1,2,...,n} and let 7 = [a1,as,...,a,] be a
permutation over [n], i.e., a permutation in S,, such that for
each i € [n] we have that 7 (i) = q;.

Given a set S and a subset of transformations T C
{flf : 8§ = S}, a Gray code over S of size M, using
transitions from T, is a sequence C = (cp,c1,...,cp—1) of
M distinct elements from S, called codewords, such that for
each j € [M —1] there exists a t € T for which ¢; = t(c;j_1).
The Gray code is called complete if M = |S|, and cyclic if
there exists € T such that co = t(cpy—1). Throughout this
paper we will consider only cyclic Gray codes.

In the context of rank modulation for flash memories,
S = 8, and the set of transformations 7' comprises of push-
to-the-top operations. We denote by t; the push-to-the-top
operation on index i, 2 < i < n, defined by

’ an])

= [a;i, ay, ..

ti([ala""aiflaal'aal’#»l""

'9ai71,ai+19""an]'

and a p-transition will be an abbreviated notation for a
push-to-the-top operation.

A sequence of p-transitions will be called a
transitions sequence. A permutation 7y and a transitions
sequence f1,t,...t define a sequence of permutations
O, 1, T2, ..., T¢—1, ¢, Where m; = t;(m;j—y), for each i,
1 <i < ¢. This sequence is a cyclic Gray code, if 7, = 7
and for each 0 <i < j < ¢, m; # m;. In the sequel the word
cyclic will be omitted.

Given a permutation # = [aj,a2,...,a,] € S, an
adjacent transposition is an exchange of two distinct adja-
cent elements a;j,aj+1, in @, for some 1 < i < n — 1.
The result of such an adjacent transposition is the per-
mutation [ay, ..., di—1, di+1,di, i+2, ..., ay]. The Kendall’s
t-distance [10] between two permutations 7,7 € S,
denoted by dk (71, n7) is the minimum number of adjacent
transpositions required to obtain the permutation 7, from the
permutation 7. A snake-in-the-box code is a Gray code in
which for each two permutations z; and 7z, in the code
we have dg (w1, n3) > 2. Hence, a snake-in-the-box code
is a Gray code capable of detecting one Kendall’s 7-error.
We will call such a snake-in-the-box code a KC-snake. We fur-
ther denote by (n, M, K)-snake a KC-snake of size M with
permutations from S,. A K-snake can be represented in
two different equivalent ways:

« the sequence of codewords (permutations),
« the transitions sequence along with the first permutation.
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Let 7 be a transitions sequence and let 7 be a permutation
in S,. If a K-snake is obtained by applying 7 on 7 then a
KC-snake will be obtained by using any other permutation from
Sy instead of z. This is a simple observation from the fact that
t(ma(my)) = ma(t(m1)), where t is a p-transition and 7o ()
refers to applying the permutation 7 € S, on the permutation
71 € Sy. In other words applying 7 on a different permutation
just permutes the symbols, by a fixed given permutation, in all
the resulting permutations when 7 is applied on 7. Therefore,
such a transitions sequence 7 will be called an S-skeleton.

For a transitions sequence o = fy, t,, ... %, and a per-
mutation # € S,, we denote by o (x), the permutation
obtained by applying the sequence of p-transitions in ¢ on 7,
ie., tr, is applied on =, f, is applied on f, (), and so
on. In other words, o (7) = (t, o tx, o ... 0 t,)(w) =
Tk, (tkH ( g (fkl (71')))). Let 01,0, be two transitions
sequences. We say that o1 and o, are matching sequences,
and denote it by g1 «w o9, if for each 7 € S, we have
oi(r) = oa2(m).

In [13] it was proved that a Gray code with permutations
from S, using only p-transitions on odd indices is a K-snake.
By starting with an even permutation and using only
p-transitions on odd indices we get a sequence of even
permutations, i.e., a subset of A,, the alternating group of
order n. This observation saves us the need to check whether
a Gray code is in fact a IC-snake, at the cost of restricting the
permutations in the KC-snake to the set of even permutations.
However, the following assertions were also proved in [13].

o If C is an (n, M, K)-snake then M < %

o If C is an (n, M, K)-snake which contains a p-transition

on an even index then M < %’" - nITl(szJ*l).
This motivates not to use p-transitions on even indices. Since
we will use only p-transitions on odd indices, we will describe
our constructions only for even permutations with odd length.

III. FRAMEWORK FOR CONSTRUCTIONS OF K-SNAKES

In this section we present a framework for constructing
K-snakes in S7,4+1. Our snakes will contain only even
permutations. We start by partitioning the set of even
permutations of Sy, into classes. Next, we describe how
to merge /C-snakes of different classes into one KC-snake.
We conclude this section by describing how to combine
most of these classes by using a hypergraph whose vertices
represent the classes and whose edges represent the classes
that can be merge together in one step.

We present two constructions for a (2n + 1, Mp,41, K)-
snake, Cy,+1, one recursive and one direct. In this section we
present the framework for these constructions. First, the per-
mutations of Az,+1, the set of even permutations from Sy, 1,
are partitioned into classes, where each class induces one
K-snake which contains permutations only from the class.
All these snakes have the same S-skeleton. Let Ly,4+ be the
set of all the classes.

The construction of Cp,y; from the C-snakes of Loy,
proceeds by a sequence of joins, where at each step we
have a main C-snake, and two KC-snakes from the remaining
K-snakes of Lj,41 are joined to the current main AC-snake.
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A join is performed by replacing one transition in the main
K-snake with a matching sequence.

In order to join the K-snakes we need the following
lemmas, for which the first can be easily verified. In the
sequel, let c¥26000...00, ie., performing the transi-

. _ktimes
tions sequence o, k times.

Lemma I: If o, € S, then B = t;(a) if and only if
a=1"1(p).

Lemma 2: Ifi € [n — 2] then t; «~ tizp o (tl.’;1 otiy2)>%

Proof: Let a =[a1,a2,...,ai,ai+1,0ai+2,...,a,] be a
permutation over [n].
tiyo(a)
= lait2, a1, ..., ai,qit1, aiy3, > anl,
1 (tig2(@)
= la1, a2, ...,ai-1,0i12, 4, Ai+1, Ai+3, -, anl,
tip2 (7 (tig2 (@)
= [ai+1,a1,a2,...,ai-1,0ai+2, 4, a;+3, .5 anl,
i (2 (] (g2(@))))
= la1, a2, ...,ai-1,0i11, Ai42, 4j, Aj13, -, anl,
and hence we have,
tip2 (] 2 (™ (tig2(@)))))
= lai, a1, ..., ai-1,ai+1, Aiy2, - an]
=ti(a).
[ ]
Corollary 1: If =« € Son+1 then tp—1(7) =

Dntl (lzz,’f:lz (t2n+1 (tzz:;_—lz (t2n+1(7f)))))-

Lemma 2 can be generalized as follows (the following
lemma is given for completeness, but it will not be used in
the sequel, and hence its proof is omitted).

Lemma 3: If i,j €[n] and |i — j| =k, then t; «~ tjo
otk

The partition of Ay, into the set of classes Ly,+1 should
satisfy the following properties:

(P1) The last two ordered elements of two permutations in
the same class are equal.

(P2) Any two permutations which differ only by a cyclic shift
of the first 2n — 1 elements, belong to the same class.

Corollary 2: Let © be a permutation in Ap41.

o 7w and ty,11(7) belong to different classes in Ly, y1.

o 7w and ty,—1(7) belong to the same class in Loy,y.

We continue now with the description of the method to
join the K-snakes of Ly,4; into Cp,41. In the rest of the
paper, Ao,y is partitioned into classes according to the last
two ordered elements in the permutations. Let [x, y] denote
the class of Aj,4+1 in which the last ordered pair in the
permutations is (x, y). Let 7 be the S-skeleton of the /C-snakes
in Lyy+1. Let C7- be a K-snake for which 7 is its transitions
sequence, and 7 is its first permutation. If z belongs to the
class [x, y], we say that C} represents the class [x, y]. Note
that all the permutations in C7- belong to the same class.

The transitions sequence 7 should satisfy the following
properties (these properties are needed in order to make the
required joins of cycles):
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(P3) 17,1 is the last transition in 7 .

(P4) Given a permutation # = [ay, ..., dy, ax+1], for each
x € [2n 4+ 1]\ {ao,azn+1} there exists a permuta-
tion 7’ € CT whose last ordered three elements are
(x, azn, aznt1).

Corollary 3: For each class [x,y], a permutation
w € [x,y], and z € [2n+1]\{x, y}, there exists a permutation
n' € C% whose last ordered three elements are (z,x,Y),
followed by the permutation ty,_(xt').

Lemma 4: Let C be a K-snake which doesn’t contain
any permutation from the classes [y,z] or [z,x], let
a1, as,...,a0n—2,2,X,y] be a permutation in C fol-
lowed by tr,—1, and let o be a transitions sequence such that
T = 0 otyy—1. Then replacing this tr,— transition in C, with

T =

p41 00 O0lpt1 00 Olopyd,

Jjoins two K-snakes representing the classes |y, z] and [z, x]
into C (after m).

Proof: Observe that by Lemma 1 we have o « tzzs:lz .
Thus, we have

T = [al’ aza R a2n729 Z’ X’ Y]
\ tant1
y»“l»“z -~-,a2n—2,Z,X
E o s t’zn_z ] K — snake
2n=1 for [z,x]
[(’119 02, ceey a2n—2, y; Z’ X]
»L Dp+1
X,al»a2 o 9(’12”—29 y»z
E o s t’zn_z ] K — snake
2n-1 for [y,z]
[(’119 02, ceey a2n—2, x’ yﬂ Z]
return to the
»L Dp+1

K — snake C

tn-1(w) = [z,a1,a2,...,a00-2,%, Y]

|
The next step is to present an order for merging all the

K-snakes of Lj,y1, except one, into Coj,y1. This step will
be performed by translating the merging problem into a
3-graph problem. We start with a sequence of definitions taken
from [7].

Definition 5: A 3-graph (also called a 3-uniform hyper-
graph) H = (V,E) is a hypergraph where V is a set of
vertices and E C (‘3/) A hyperedge of H will be called triple.

A path in H is an alternating sequence of € + 1 distinct
vertices and € distinct triples: vo, e1, 01, ..., 0¢—1, ¢, V¢, With
the property that Vi € [€] : vi_1,0; € e;.

A cycle is a closed path, i.e. vy = vy.

A sub-3-graph contains a subset E' C E and the subset
V' C V which contains all the vertices in E’.

A tree T in H is a connected sub-3-graph of H with no
cycles.

Let Hpuqq
follows:

= (Van+1, Eont1) be a 3-graph defined as

Vo1 = {lx,y] : x,y € 2n+ 1], x # y},
Eyi1 = {{lx,yL [y, 2], [z, x]} 1 x, ¥,z € 2n + 1],
XFY, X F2,y #z}
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We denote a hyperedge {[x, v, [y, z], [z, x]}, where x < y
and x < z, by the triple (x, y, z).

The vertices in Hs,4+1 correspond to the classes in the
set Lo,+1. Each e € Ej,41 contains three vertices, which
correspond to three classes. These three classes can be rep-
resented by three C-snakes, generated from the S-skeleton,
which can be merged together by Corollary 3 and Lemma 4.
Note that for any two edges e1, e2 in Ho,41 either ejNey = &
or le; Ney| = 1. Let Topy1 = (Vry,yys E75,,,) be a tree in
Hp,q1. We join |Vr,, | K-snakes which represent |Vr,,, |
classes of Ly,4+1 to form the K-snake Cy,1, by Corollary 3
and Lemma 4. The hyperedges which represent the joins which
are performed are determined by 7»,41, but these joins are
not unique, and hence they can yield different final KC-snakes.
The order in which the hyperedges are selected for these
joins is also not unique, but this order doesn’t affect the final
K-snakes. The size of the K-snake Cz,41 depends on the
number of vertices in the tree T2,4+1. A tree in a 3-graph
contains an odd number of vertices [7]. Since in Hy,4 there
are (2n + 1)(2n) vertices it follows that there is no tree in
H>,+1 which contains all the vertices of Va,1. This motivates
the following definition.

Definition 6: A nearly spanning tree in a 3-graph
H = (V,E) is a tree in H which contains all the vertices
of V except one.

Now, let 75,41 be a nearly spanning tree in Hyj,41.

Example 1: One choice for Ts is given below.

The edges in the tree Ts are:

1,2,3), (L,4,5),

(1,5,3), (2,3,5).

The order of merging K-snakes from these classes obtained
by this choice of Ts can be chosen as follows.

(1) vertex [1,2];
(2) vertices [3, 1], [2, 3], (through the edge (1,2, 3));
() vertices [4, 1], [2,4], (through the edge (1,2,4));
(4) vertices [5, 1], [2, 5], (through the edge {1,2,5));
(5) vertices [5,3], [1, 5], (through the edge (1,5, 3));
(6) vertices [5,2], [3,5], (through the edge (2,3,5));
(7) vertices [3,4], [1, 3], (through the edge (1, 3,4));
(8) vertices [3,2], [4, 3], (through the edge (2,4, 3));
(9) vertices [4,5], [1,4], (through the edge (1,4,5));
(10) vertices [4, 2], [5,4], (through the edge (2,5, 4)).

Using the S-skeleton T = t3, 13, 13 of the (3, 3, K)-snake, the
snake-in-the-box code which is obtained by Ts is a (5, 57, K)-
snake presented in Figure 1. There is no (5, M, K)-snake for
which M > 57 [13]. The S-skeleton of this code is a3, where

o =1s,15,13,13, 15,13, 13, 15, 13, t5, 15,13, 13, 15, 13, 13, I5, 13, I5
Theorem 7: If n > 2, then there exists a nearly spanning
tree Topy1 in Hyps1 which doesn’t include the vertex [2,1].
Proof: We present a recursive construction for such
a nearly spanning tree. We start with the nearly spanning
tree given in Example 1. Note that 75 doesn’t include the
vertex [2,1]. Assume that there exists a nearly spanning
tree, T>,_1, in Hp,_1, which doesn’t include the vertex [2, 1].
Note that Hy,_1 is a sub-graph of Hj,1 and therefore T5,_ is
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Fig. 1. A (5,57, K)-snake obtained by T5.
457
. ———'\i 254
]67|
- @ 145
Ll6_5J
ff7:5_.
‘ 126|
Fig. 2. The nearly spanning tree 7 constructed from T75.

a tree in Hy,41. The vertices of H»,41 which are not spanned
by 15,1 are

o [x,2n],[2n,x],[x,2n + 1],[2n + 1,x] for each
x € [2n — 1],

o [2n,2n 4+ 1], [2n + 1, 2n],

o [2,1].

The nearly spanning tree 7,41 is constructed from T»,_; as
follows. For each x, 2 < x < 2n — 2, the edges (x,x + 1, 2n)
and (x,x + 1,2n 4 1) are joined to T»,4+1; also the edges
(1,2,2n), (1,2n,2n—1), (1,2n+1,2n—1), (1,2n,2n+1),
and (2,2n + 1,2n) are joined to T5,41. It is easy to verify
that all the vertices of Hj,11 which are not spanned by 75,1
(except for [2, 1]) are contained in the list of the edges which
are joined to T»,—1. When an edge is joined to the tree it has
one vertex which is already in the tree and two vertices which
are not on the tree. Hence, connectivity is preserved and no
cycle is formed. Hence, it is easy to verify that by joining these
edges to T»,—1 we form a nearly spanning tree in Hy,+;. M

Example 2: By using Theorem 7 and the nearly spanning
tree Ts of Example 1 we obtain the spanning tree T; depicted
in Figure 2. The dashed boxes edges and the double lines
nodes are added to Ts in order to form T;.

IV. A RECURSIVE CONSTRUCTION

In this section we present the recursive construction for a
2n + 1, My, 41, K)-snake from a (2n — 1, Mp,—_1, K)-snake.
The construction is based on the nearly spanning tree 75,41

— RN W W
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presented in the previous section. Each of its vertices represent
a class in which a KC-snake based on the 2n — 1, M>,—1, K)-
snake is generated. Those IC-snakes are merged together into
one (2n+ 1, My, 41, K)-snake using the framework presented
in the previous section. We conclude this section with analyz-
ing the length of the generated /C-snake compared the total
number of permutations in Sp;41.

We generate a (2n + 1, My, 11, K)-snake, Cp,41, whose
transitions sequence is I, tk,, - - - Con+1 has the
following properties:

(Q1) kj is odd for all j € [M2,11].

(Q2) kmpy,y =2n+ 1.

(Q3) For each z € [2n + 1] there exists a permutation
7w € Cypy such that z(2n + 1) = z.

1] .
’ kMZn-H

The starting point of the recursive construction is 2n + 1 = 3.
The transitions sequence for 2n + 1 = 3 is 13, 13, 13, and the
complete (3, 3, K)-snake is C3 £ {[1,2,3],[3, 1,2],[2, 3, 1]}.
Clearly (Q1), (Q2), and (Q3) hold for this transitions sequence
and Cs.

Now, assume that there exists a (2n — 1, M»,_1, K)-snake,
Ca,—1, which satisfies properties (Q1), (Q2), (Q3), and let
Ton—1 = tiy>thys-- > Ty, be its S-skeleton, i.e., 72,_1
is the transitions sequence of Cy,_1. Note that (Q1), (Q2),
and (Q3) depend on the transitions sequence 73,_1 and are
independent of the first permutation of Co,_1. We construct a
2n + 1, Ma,41, K)-snake, Cop41, where My, 11 = (2n + 1)
(2n) — 1)M»,,—1, which also satisfies (Q1), (Q2), and (Q3).
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First, all the permutations of Aj,4; are partitioned into
(2n + 1)(2n) classes according to the last ordered two ele-
ments in the permutations. This implies that (P1) and (P2) are
satisfied. In addition, (P3) and (P4) for 75, are immediately
implied by (Q2) and (Q3) for Cy,_1, respectively. Hence 75,1
can be used as the S-skeleton for the /C-snakes in Ly, 1. Now,
we merge the /C-snakes of the classes in Lo, (except [2, 1]),
by using Lemma 4 and the nearly spanning tree 77,41 of
Theorem 7. We have to show that (Q1), (Q2), and (Q3) are
satisfied for Co,41. (Q1) is readily verified. Clearly, 2,41 was
used to obtain Cy,4+1 (see Lemma 4), and therefore we can
always define 75,41 in such a way that its last transition is
ton+1, and hence (Q2) is satisfied. For each z € [2n 4 1] there
exists a class [x, z] whose K-snake is joined into Cz,41, and
therefore (Q3) is satisfied. Thus, we have

Theorem 8: Given a 2n— 1, Ma,_1, K)-snake which satis-
fies (Q1), (Q2), and (Q3), we can obtain a 2n+1, Ma,41, K)-
snake, where Mo, = ((2n 4+ 1)(2n) — 1)My,,—1, which also
satisfies (Q1), (Q2), and (Q3).

Following [13], we define Dj,41 é{fﬂ‘), as the
ratio between the number of permutations in the given
2n + 1, M+ 1, K)-snake and the size of Sy,11. Recall that
if C is an 2n + 1, M, K)-snake then M < %, and we
conjecture that the optimal size is M = w —2n + 1.
Thus, it is desirable to obtain a value Dj,y1 close to half
as much as possible. In our recursive construction Mo,y =
(2n + 1)(2n) — 1)M>,,—1. Thus, we have

b
3 = 59

f—o[ Dont1 _ 12/m

T2 Dyt SU+VIHTEG - VITGa+v35)

which implies that

v 12//7
2 5(1+VSIGGE - V551 +5)
~ (.4338.

lim Dy,q1 =
n—00

This computation can be done by any mathematical tool,

e.g., WolframAlpha. This improves on the construction

described in [13], which yields My,+1 = 2n + 1)(2n — 1)
. T 1

M3, and nlggo Dopt1 = nlggo N

V. A DIRECT CONSTRUCTION BASED ON NECKLACES

In this section we describe a direct construction to form
a 2n 4+ 1, Ma,41, K)-snake. First, we describe a method to
partition the classes which were used before into subclasses
that are similar to necklaces. Next, we show how subclasses
from different classes are merged into disjoint chains. Finally,
we present a hypergraph and a graph in which we have to
search for certain trees to form our desired K-snake which we
believe is of maximum length. Such KC-snakes were found in
S7 and Sy.

We present a direct construction for a 2n 4+ 1, M, 41, K)-
snake, Cy,+1. The goal is to obtain Mo, = w —(2n-1),

and hence gi:”_’: >1-— (%n), We believe that there is always a

2n+1, May41, K)-snake with My, | = @uiD' (2—1) and
2
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there is no such KC-snake with more codewords. We are making
a slight change in the framework discussed in Section III. First,
all the permutations of Ay, are partitioned into (2n + 1)(2n)
classes according to the last ordered two elements. We denote
by [x, y] the class of all even permutations in which the last
ordered pair in the permutation is (x, y). Each class is further
partitioned into subclasses according to the cyclic order of the
first 2n — 1 elements in the permutations, i.e., in each class
[x, y], the (2’1—;12 permutations are partitioned into @"—gzx
disjoint subclasses. This implies that (P1) and (P2) are satisfied
for both classes and subclasses. Let’s denote each one of the
subclasses by [a] — [x, y] where a is the cyclic order of the
first 2n — 1 elements in the permutations of the subclass. Let
o1, on be two permutations over [2n+ 1]\ {x, y}. If a1 and a»
have the same cyclic order, we denote it by a1 >~ a», otherwise
o1 # az. Note that if a; =~ a5 then [a1]—[x, y] = [a2]—[x, y].
For example [1, 2, 3] — [4, 5] represents the subclass with the
permutations [1,2,3,4,5], [3,1,2,4,5], and [2, 3, 1, 4, 5].

Let Ly,+1 be the set of all classes, and let 7 = IQZ;:]]
be the S-skeleton of the KC-snakes in Lj,4+;. Note that a
K-snake generated by 7 spans exactly all the permutations
in one subclass. Hence (P3) and (P4) are immediately implied
for both classes and subclasses. Such a K-snake will be called
a necklace. The slight change in the framework is that instead
of one KC-snake, each class contains @"—gzx disjoint C-snakes,
all of them have the same S-skeleton.

The necklaces (subclasses) [a] — [x,y] are similar to
necklaces on 2n — 1 elements. Joining the necklaces into one
large KC-snake might be similar to the join of cycles from the
pure cycling register of order 2n — 1, PCRy,_, into one cycle,
which is also known as a de Bruijn sequence [2], [4]. There
are two main differences between the two types of necklaces.
The first one is that in de Bruijn sequences the necklaces do
not represent permutations, but words of a given length over
some finite alphabet. The second is that there is rather a simple
mechanism to join all the necklaces into a de Bruijn sequence.
We would like to have such a mechanism to join as many as
possible necklaces from all the classes into one /C-snake.

Let T>,+1 be the nearly spanning tree constructed by
Theorem 7. By repeated application of Lemma 4 according
to the hyperedges of T»,4; starting from a necklace in the
class [1,2] we obtain a /C-snake which contains exactly one
necklace from each class [x, y] # [2, 1]. Such a K-snake will
be called a chain. If the chain contains the necklace [a]—[1, 2],
we will denote it by c[a]. For two permutations a1 and a; over
[2n 4+ 1]\ {1, 2} such that a; >~ a> we have c[a1] = c[a2].
Note that there is a unique way to merge the three necklaces
which correspond to a hyperedge of 7»,+1, and hence there
is no ambiguity in c[a] (even so the order of the joins is not
unique), Note also that the transitions sequence of two distinct
chains is usually different. The number of permutations in a
chain is ((2n 4+ 1)(2n) — 1)(2n — 1). The following lemma is
an immediate consequence of Lemma 4.

Lemma 9: Let [x, y], [y, z], and [z, x] be three classes, and
let o be a permutation of [2n + 1]\ {x, y, z}. The necklaces
[a, z]—[x, y], [a, y]—Iz, x], and [a, x]1—1y, z] can be merged
together, where a, 7 is the sequence formed by concatenation
of a and z.
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Lemma 10: Let [x,y], [v,z], and [z, x] be three classes.
All the subclasses in these classes can be partitioned into
disjoint sets, where each set contains exactly one necklace
from each of the above three classes. The necklaces of each
set can be merged together into one K-snake.

Proof: For each permutation a over [2n + 1]\ {x, y, z},
the necklaces [a, z] — [x, ¥], [a, ¥Y] — [z, x], and [a, x] — [y, z]
can be merged by Lemma 9. Thus, all the subclasses in these
classes can be partitioned into disjoint sets. ]

Corollary 4: The permutations of all the classes except for
[2, 1] can be partitioned into disjoint chains.

By Corollary 4 we construct @ disjoint chains which
span Aj,4+1, except for all the even permutations of the
class [2, 1]. Recall that we have the same number, @"—gzx
of [2, 1]-necklaces, which span all the permutations of the
class [2, 1]. Now, we need a method to merge all these chains
and necklaces, except for one necklace from the class [2, 1],
into one KC-snake C»,4+1. Note that for 2n + 1 = 5 we have
only one chain. Thus, this chain is the final C-snake Cs. This
KC-snake is exactly the same KC-snake as the one generated by
the recursive construction in Section IV.

Lemma 11: Let x be an integer such that 3 <x <2n+1,
let o be a permutation of [2n + 1]\ {x, 2, 1}, and assume that
the permutations [a, 1, x, 2] and [a, 2, 1, x] are contained in
two distinct chains. We can merge these two chains via the
necklace [a, x] — [2, 1].

Proof: Let ¢ be the chain which contains the permu-
tation 71 = [a, 1, x,2], ¢y be the chain which contains the
permutation 7o = [a,2, 1, x], and # be the necklace which
contains the permutation 73 = [a, x,2,1]. Note that all
the chains contains only the p-transitions 3,41 and fz,_1.
The permutation f,41(71) appears in c¢p, the permutation
tan+1(m2) appears in 7, and the permutation 2,41 (73) appears
in c1. Therefore, 71, 7>, and 73 are followed by #,—1 in ci,
¢z, and p, respectively. Let g;, i € {1,2}, be a transitions
sequence such that o, f,—1 is the transitions sequence of c;,
and therefore fp,_1(0i(w;)) = =;. By Lemma 1 we have
g1 e t22::12 «~~s gy. Similarly to Lemma 4, by replacing the
transition t»,_1 which follows 73 in #, with 2,41 001 0t2410
o030t +1, We merge ¢y, ¢z and # into a K-snake. Thus, we have

w3 = lay,az,...,a3,—2,x,2,1]
| oni

[1,a1,a2,...
Vor e 7]

aznfza 1, x’ 2]

, a2, X, 2]

the chain c

n = lay,az, ...,
»L Dp+1

[29 01,02, e 9(’12”—25 19-x]

2n—2
Vo e 1y,

aznfza 2’ 19 -x]

the chain ¢
7[2 = [a1)a2’ M)
J bntl return to the necklace n

t2n—1(”3) = [x5 al; a29 MR a2}’l—25 29 1]

| ]
For each x, 3 < x < 2n + 1, and for each permutation «
of [2n + 1]\ {x, 1,2}, the merging of two distinct chains
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which contain the permutations [a, 1, x, 2] and [a, 2, 1, x] via
the necklace [a, x] — [2, 1] as described in Lemma 11, will
be denoted by M[x]-connection. Note that if x € {3,4,5}
then the permutations [a, 1, x, 2] and [a, 2, 1, x] are contained
in the same chain. Thus, there are no M/[3]-connections,
M{[4]-connections, or M[5]-connections.

Lemma 11 suggests a method to join all the chains and
all the [2, 1]-necklaces except one into a K-snake of length
(2"—+1X (2n —1). This should be implemented by M 1
iteratlons of the merging suggested by Lemma 11. The current
merging problem is also translated into a 3 — graph problem
(see Definition 5). Let H2n+1 = (V2n+1, E2n+1) be a 3-graph
defined as follows.

\72,1+1 = {c[a] : a is a permutation of [2n + 1]\ {1, 2}}
UAlpl—12,1]
f is a permutation of [2n + 1]\ {1, 2}}
Esnt1 = {{clanl, claa), [B1 — (2,11} :
cla1] and c[a] can be merged together
via [#] — [2, 1] by Lemma 11}.

The vertices in \72”+1 are of two types, chains and
[2, 1]-necklaces. Each ¢ € E2n+1 contains three vertices, two
chains and one necklace, which can be merged together by
Lemma 11. Therefore, the edge will be signed by M[x] as
described before. Note that E2n+1 might contains parallel
edges with different signs.

Let T2n+1 ) be a nearly spanning tree

= (v Tons1” Ef2n+1
in Ha,41. Note that such a nearly spanning tree must contain
all the vertices in \72”+ 1 except for one [2, 1]-necklace. If such
a nearly spanning tree exists then by Lemma 11, we can merge
all the chains via [2, 1]-necklaces to form the K-snake Co41.
This KC-snake contains all the permutations of Aj,t1 except
for 2n — 1 permutations which form one [2, 1]-necklace.

The joins which are performed are determined by the edges
of f2n+1. Note that there is a unique way to merge the three
vertices which correspond to a hyperedge of f‘an signed
by M[x]. Hence, by using the given spanning trees T»,+1 and
f"zn+1, there is no ambiguity in C,41 (even so the orders of
the joins are not unique). However, different nearly spanning
trees can yield different final K-snakes. Note that the K-
snake Cp,4+1 generated by this construction has only #2;,41
and f,_1 p-transitions, where usually 7,1 is used. The p-
transition fp,—1 is the only transition in the C-snake of the
subclasses. On average 3 out of 4n sequential p-transitions
of Co,41 are the p-transition fp,41. A similar property exists
when a de Bruijn sequence is generated from the necklaces of
pure cycling register of order n [2], [4].

Finding a nearly spanning tree f"zn+1 is an open question.
But, we found such trees for n = 3 and n = 4. We believe that
a similar construction to the one which follows in the sequel
for n =3 and n = 4, exists for all n > 4.

Conjecture 1: For each n > 2, there exists a 2n + 1,
My 41, K)-snake, where Mp,4+1 = w — (2n —1) in which
there are only tr,_1 and ty,4+1 p-transitions.

Example 3: Forn =3, a (7,2515, K)-snake is constructed
by using the tree T; of Example 2, and the tree 7
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defined below. 77 contains 12 chains, where each chain

contains 41 necklaces. It also contains 11 [2, 1]-necklaces

and 11 hyperedges. Denote an edge in Hy by ({ci, cj, i}, x)

where M|[x] is the sign of the edge. Ty is defined as follows.
The chains in f7:

c1 =1[3,4,5,6,71—1[1,2], ¢ =13,4,6,7,5]—[1,2],
c3 =1[3,4,7,5,61—[1,2], c4 =13,5,4,7,6] —[1,2],
¢cs =[3,5,6,4,71—1[1,2], c¢ =13,5,7,6,4]—[1,2],
¢ =[3,6,4,5,71—11,2], cg =13,6,5,7,4]—1[1,2],
co9 =[3,6,7,4,51—1[1,2], ci0=103,7,4,6,5]—11,2],
ci1 =13,7,5,4,61—1[1,2], c¢12=13,7,6,5,4] —[1,2].
The necklaces in YA‘7‘

m =103,4,5,7,6]—[2,11, m =13,4,6,5,7]1—[2,1],
nm =103,4,7,6,5]—[2,1], na =13,5,4,6,7]—[2,1],
ns =[3,5,6,7,4]1—(2,1], ns =1(3,5,7,4,6]—[2,1],
nm =1[3,6,4,7,5]—1(2,1], #ns =[3,6,5,4,7]—[2,1],
no =1[3,6,7,5,4]1—(2,1], nio=13,7,4,56]1—1[2,1],

m =13,7,5,6,4] — [2, 1].

The edges in T

er = ({ci1,¢6,1m9},6),  e2 = ({ce, c1, M2}, 6),

e3 = ({c2,c12,m1},6),  es = ({c12, ¢7, 14}, 6),

es = ({cs,c3,m31,6),  es = ({3, ¢4, 17}, 6),

e7 = ({c9, c10, m10},6),  es = ({ci0, c3, 15}, 6),

e9 = ({c12,c0,m8},7), €10 = ({co, c3,m}, 7),

e11 = ({c2, c11, 16}, 7).

I:I7 contains another [2, 1]-necklace, n1» = [3,7,6,4,5] —
[2, 1], and the following additional edges:

eiz = ({c1, c11, M2}, 6), ez = (fer, 2,11}, 6),

e14 = ({ca, c5,1m8},6),  e1s = ({cs, co, 76}, 6),

eie = ({c10, c2,m}, 7). e17 = ({es, c1,m3},7),

eis = ({ci1, ci0, 14}, 7). e19 = ({ez, 12, 5}, 7),

e = ({ce, c7,m1}, 7)., ea1 = ({ea, c3, 19}, 7),

e = ({c1,¢ca,mok, 7). e23 = ({es, co, m1}, 7),

e = ({c7, ¢5, M2}, 7).
An additional different illustration of Hy is presented in the
sequel (see Example 4).

For each n > 3, let Gope1 = Vant1, E2nt1) be a multi-
graph (with parallel edges) with labels and signs on the
edges. The vertices of V,,41 represent the @ chains and
hence [Vou+1| = @ There is an edge signed with M[x],
where 6 < x < 2n + 1, between the vertex (chain) ¢; and
vertex (chain) cp, if ¢ contains a permutation [a,2, 1, x]
and ¢ contains the permutation [a, 1, x, 2], where ¢1 # c».
The label on this edge is the necklace [a,x] — [2,1].
Note that the label on the edge is a necklace which can
merge together the chains of its corresponding endpoints by
M{[x]-connection. Note also that the pair a, x might not be
unique and hence the graph might have parallel edges. A
spanning tree in Gp,4+1 which doesn’t have two edges with the
same label, will be called a chain tree. The following Lemma
can be easily verified. )

Lemma 12: There exists a nearly spanning tree in Hy,y1 if
and only if there exists a chain tree in Gy, 1.

Henceforth, 75,41 will be the nearly spanning tree
constructed in Theorem 7, and the chains are constructed
via Topy1-
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Definition 13: Let G1 = (V1, &1) and Gy = Vs, &) be two
multi-graphs with labels and signs on the edges, where the
set of the labels of G; denoted by L;, i € {1,2}. We say that
G\ is isomorphic to Gy if there exist two bijective functions
f VI = Vaand g : L1 — Ly, with the following property:
(u,v) € & with the label n and sign M|[x], if and only if
(f(w), f(u)) € & with the label g(n) and sign M[x].

Definition 14: For each n > 4, a sub-graph of Go,+1 which
is isomorphic to Go,—1 is called a component of Gy,y1, and
denoted by A = (Va, L4) where V4 consists of the vertices
(chains) of the component, L4 consists of the labels ([2, 1]-
necklaces) on the edges in the component. Note that |V4| =
|LAl, ie., the numbers of the distinct labels is equal to the
number of the vertices.

Definition 15: Two components, A = (Va, La) and B =
VB, Lp), in Gopy1 are called disjoint if V4 N Vp = & and
LANLp =, ie., there is no a common vertex (chain) or a
common label ([2, 1]-necklace) in A and B.

Lemma 16: For each n > 4, Go,41 consists of 2n — 3)
(2n —2) disjoint copies of isomorphic graphs to Gy,—1, called
components. The edges between the vertices of two distinct
components are signed only with M[2n] and M[2n + 1].

Proof: The M[x]-connections are deduced by the tree
Trn+1, which was used for the construction of the chains.
In particular, the path between the vertices [1,x] and
[x,2] in T»,4+ determines the M[x]-connections in Gy,yp.
By Theorem 7, T3,—_1 is a sub-graph of 75,41. Therefore, for
each x, x > 3, the path between the vertices [1, x] and [x, 2]
in Tp,41 is equal to the path between the vertices [1, x] and
[x,2] in Trg4+1 for each x <2k + 1 < 2n + 1. The number of
the vertices (chains) in G,41 is equal to (2"—;22, and each
component contains w vertices. Thus, Gy, 41 consists of
(2n—3)(2n —2) disjoint copies of isomorphic graphs to Go,,—1
connected by edges signed only with M[2n] and M[2n+1]. &

For each n > 4, let _C’;2n+1 = (]>2,,+1,<5A'2,,+1) be the
component graph of Go,11. The vertices of ]>2,,+1 represent
the components of Gy,+1, There is an edge signed with M[x],
x € {2n,2n+ 1}, between the vertices (components) A and B,
if the chain that contains the permutation [a, 2, 1, x] is con-
tained in A, and the chain that contains the permutation
[a, 1, x,2] is contained in B. The label on this edge is the
necklace [a, x] - [2,1]. We define é7 to be Gy, i.e., each
component of G; consists of exactly one chain (and also
one distinct [2, 1]-necklace in order to follow the properties
of Gopy1). .

Definition 17: A components spanning tree, Ty, Iis a
spanning tree in _C’;2n+1, where in the set of the labels of the
tree’s edges, there are no two labels from the same component,
i.e., each label in the set of the labels of the tree’s edges
belongs to a different component.

Example 4: Gy is depicted in Figure 3, where the vertices
numbers and the edges labels corresponds to the chains and
the necklaces in Example 3, respectively. The vertical edges
are signed with M[6], while the horizontal edges are signed
with M[7]. The double lines edges correspond to the edges
of T.
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Example 5: An illustration for the structure of Q2n+1 for
n = 3 is presented in Example 4, and for n = 4 is depicted
in Figure 4. In Gg there are 30 components, where each
component is isomorphic to G7 (thus, it contains 12 chains
and 12 [2, 1]-necklaces).

VI. CONCLUSIONS AND FUTURE RESEARCH

Gray codes for permutations using the operation push-to-
the-top and the Kendall’s 7-metric were discussed. We have
presented a framework for constructing snake-in-the-box codes
for S,. The framework for the construction yield a recursive
construction with large snakes. A direct construction to obtain
snakes which might be optimal in length was also presented.
Several questions arise from our discussion and they are
considered for current and future research.

1) Complete the direct construction for snakes of length
CtDlop 1 in Syt

2) Can a snake in Sp,4+1 have size larger than
Gt o5 412

3) Prove or disprove that the length of the longest snake
in Sy, is not longer than the length of the longest snake
in Sy,_1.

4) Examine the questions in this paper for the £, metric.
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Conjecture 2: For each component A in Gont1, n =3, and  oviewers pointed out on the good ratio lim /gzz—’:’ll ~ (.4338
n—0o0 n

for each label n of A, there exists a components spanning tree,
where there is no edge in the tree with the label 1.
Conjecture 2 implies Conjecture 1, i.e.,

compared to one in [13].
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