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SUMMARY A novel multilevel construction for permutation
codes is presented. A permutation code of length n is a subset
of all the vectors obtained from coordinate permutations on the
vector (0,1,...,n—1). We would like to construct a permutation
code with cardinality as large as possible for a given code length n
and a minimum distance. The proposed construction is available
when n = 2™ (m is a positive integer). We exploit m-constant
weight binary codes as component codes and combine them in a
multilevel way. We can construct permutation codes with various
parameters by selecting appropriate combination of component
codes. Moreover, the multilevel structure enable us to use a
multi-stage decoding algorithm.
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1. Introduction

A permutation code of length n is originally defined

by the action of a permutation group G on the initial

vector a 2 (0,1,2,...,n — [1]. In other words, a

permutation code P is given by P 2 {o(a):0 € G}.
We here use the term “permutation code” in wider

sense than one defined above. Let S be the set of all

the vectors obtained from a coordinate permutation on

a: S 2 {o(a) : 0 € Gg}, where Gg is the symmetric
group on n-elements. The cardinality of the set S is
equal to n!. Consider a subset P C S which has the
cardinality M and the minimum Hamming distance d.
We call P a permutation code and it is also denoted
by (n,M,d)-permutation code. This change gives us
more freedom on code construction without sacrificing
the advantages of the permutation codes[4].

The most principal problem on permutation codes
is the code construction problem: we would like to con-
struct a permutation code with cardinality M as large
as possible for a given code length n and a minimum
distance d. Several works have been made to construct
good permutation codes.

Blake[1] presented a construction of the permuta-
tion codes based on the k-transitive groups. He showed
the construction of an (n,n!, 3)-code based on the alter-
nating group. He also constructed (n,n(n —1),n — 1),
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(n,n(n—1)(n—2),n—2)-codes from sharply doubly and
triply transitive permutation group, and (11,7920,8),
(12,371392,8), (12,95040,8)-codes from the Mathieu
group.

It is known that the cardinality M is upper
bounded in such a way[2]:

n!
Ms@=or M)
For n < 5, the codes with the cardinality satisfying (1)
with equality have been found by computer search[4].
When n = 6 and d = 5, the equality in (1) cannot be
satisfied (The pair n = 6 and d = 5 is the smallest
pairs which do not satisfy the equality). In [5], Klgve
classified the permutation codes with n = 6 and d = 5
and proved that M = 18 is maximal.

In spite of the above works, the code parameters
which is available are still limited. There is plenty of
room for further research on this topic. In this paper,
we present a novel construction for permutation codes.
The construction presented here is based on the idea
of the multilevel coded-modulation proposed by Imai
and Hirakawa[6]. In the proposed construction, several
binary constant weight binary codes are exploited as
multilevel component codes. The multilevel structure
gives flexibility on parameter selection. We can con-
struct permutation codes with various parameters by
selecting appropriate combination of component codes.

Due to the multilevel structure of the proposed
codes, we can also use the multi-stage decoding al-
gorithm which significantly reduces the decoding com-
plexity. The lack of efficient decoding algorithm for a
long permutation code is a serious problem for practical
applications of permutation codes. The combination of
M-FSK modulation and permutation codes has been
considered as candidate codes for power line communi-
cations[3][4]. Moreover, permutation codes can be used
as hopping patterns for frequency hop spread spectrum
communications.

2. Constructions
2.1 Basic construction

Let C be a binary constant weight code with the length
n, the cardinality M’', the minimum distance d’ and



weight w. We denote the code C' as an [n, M',d', w]-
constant weight code. Let ¢, be the binary to integer
conversion mapping defined by

)23 2, @)
i=0

where p is a positive integer and x; € {0,1} for 0 <i <
p—1.

Assume that n = 2™, where m is a positive inte-
ger. Let C;(i € [0,m — 1]) be an [n/2¢, M;, d;, n/27+1]-
constant weight code. The set of nonnegative inte-
gers from a to b is denoted by [a,b]. For example,
[0,4] = {0,1,2,3,4}. We denote the set of codes as
C = (Cy,C4,...,Cp_1). For any set of codewords

¢p($p_1,...,$1,$0

co=(c,,....d%) € G, (3)
er= (et V.., ) € o (4)
em_1 = (", dm Y e ¢y, (5)

we here define an m x n-matrix A. The (i, j)-element of
A is denoted by a(i, j) for i € [0,m—1] and j € [0,n—1].
The first row of A, (a(0,0),a(0,1),...,a(0,n — 1)), is
determined in such a way:

a(0,t) =c”, teo,n—1). (6)

The i-th row(i € [1,m — 1]) of A is given by

a(i,gi¥) =", te0,2m " ~1],5 € [0,2°~1].(7)

The gt(s)’s in the above equation are defined by

{g(()S)ag§8)7 s 795‘27@'_1 (8)

:{]¢l(a(0 ) a(lv.]) (7/_17.])):‘9}7
where g% < g < ... < géf,z i_,- Let a; be the j-
th column vectors(j € [0 n — 1]) of A. The mapping
®,,(A) is defined by

(¢m(a0)v"'v¢m(an—1))- (9)

The above construction of an n-tuple over [0,2™ — 1] is
refereed to as the basic construction.

B, (4) 2

Matrix A
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Fig.1 Example of basic construction
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Example 1: Consider the case where m = 3,n =
23 = 8. We take [8,2,8, 4]-constant weight code
{00001111,11110000} as Cy, [4, 2,4, 2]-constant weight
code {0110,1001} as C; and [2, 2, 2, 1]-constant weight
code {01,10} as C. Suppose that ¢y = 00001111, ¢; =
0110, and ¢c2 = 10. We then have

00001111
A= 01100110 |. (10)
11001100

and ®3(4) = (1,3,2,0,5,7,6,4)(See.Fig.1).
If ¢ = 00001111, ¢; = 0110, c; = 01, then we have
00001111
A= 01100110 |. (11)
00110011

In this case, we obtain ®3(A) = (0,2,3,1,4,6,7,5).

As we have observed in the example, ®,,(A4) be-
comes a permuted vector of (0,1,2,...,n—1). In order
to prove ®,,(A) € S for any A, we need the following
lemma.

Lemma 1: Every binary m-tuple appears only once
as a column vector in A.

(Proof) Consider a binary r-tuple obtained from A:

z§r) é(a(oaj)7a(17j)7"'7a(r_]'7j))t' (12)

In order to prove the claim of the lemma, we shall prove
the following more general claim: every binary r-tuple
appears exactly 2™~ "-times in {z;r) € [0,n — 1]}.
For r = 1, the claim holds because a codeword of the
first level code Cy has 2™~ !-zeros and 2™ !-ones. Next,

we assume that the claim holds for r = r'. Consider
an arbitrary column index set {ho,h1,..., hom—r_1}
which satisfies

R I 0

—-r' 1

and hg < hy < -+ < hym—_y. From the basic con-
struction described above, we have

a(r' he) =), tefo,2m —1). (14)

Since ¢(™') has the same number of zeros and ones, the
half of {zE:H) :t=0,1,...2m=" — 1} takes the value
(2,0)! and the remaining takes the value (z,1)%. It
means that every binary (r' 4+ 1)-tuple appears exactly
2m—r"~1_times in {z(T'H) j=0,1,...,n—1}. 0

For a given set of codes C = (Co,C1,...,Cm—1),
the set of all the possible matrices obtained by the
basic construction is denoted by A(C). The cardi-
nality |A(C)| is equal to My x My X -+ X My, 1.
Consider A € A(C) and let a; be the j-th column
vectors(j € [0,n — 1]) of A. The set P(C) is defined by

P(C) & {®,,(4) : A € A(C)). (15)
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From Lemma 1, we know that every binary m-
tuple appears only once as a column vector in A. Since
¢m is one-to-one mapping from {0,1}™ to [0,2™ — 1],
every number in [0, 2" —1] appears only once in ®,,,(A).
It implies that P(C') is a permutation code of length n
and the number of codewords of P(C) coincides with
the cardinality of A(C).

We next discuss the minimum distance property
of the permutation codes. Consider arbitrary two ma-
trices A;, 4> € A(C). Let o' and a§-2) be the j-th
column vectors(j € [0,n — 1]5 of A; and A,, respec-
tively. The distance between A; and A is defined by

do(A1, A2) 2 1{j 0V £ &', j € [0,n — 1]}].(16)

The minimum distance of A(C), dynin, is defined by

dmin 2 min{da (A1, As) : A1, Ay € A(C), Ay # As).

Lemma 2: The minimum distance of A(C) is lower
bounded by

dmin > min{do, 2d;,4d,,...,2™  d,, 1}. (17)

(Proof) Consider arbitrary two matrices A, A2(A; #
Ay;) € A(C). Let 131('1) and ,85-2) be the i-th row
vectors(i € [0,m — 1]) of A; and As, respectively. If
the first rows 8" # B, then dq (A1, Ay) > do holds.
The reason is the following. The both 8" and 8"
belong to Cy. Thus, dh(ﬂ(()l),ﬂ(()2)) > doy, where dj(-,-)
is the Hamming distance function. Namely, the first

rows differs at least dy-coordinate positions. Next, we
consider the case where

gl = g?
By # B2,

for i* € [1,m — 1]. In this case, the Hamming distance
between ,851) and ,853) satisfies dh(ﬂgi),ﬂgf)) > 217 d;.
because ﬂgi),ﬂgf) are codewords of the 2" -times rep-
etition code of Cy«. This implies that the i*-th rows
differs at least 2¢"d;.-coordinate positions. From the
assumption 4; # A, and the above argument, we have
the claim of the lemma.

The above discussion leads to the following theo-
rem on the parameters of the permutation codes con-
structed by the basic construction.

Theorem 1: The code P(C) constructed by the basic
construction is an (n, M, d)-permutation code with the
following parameters:

for i€0,i*—1],

n = 2",
M = My x M, X"'XMmfl,
d Z min{d0,2d1,4d2,...,2m71dm,1}.

Example 2: Consider the case where m = 2,n =
22 = 4. We take [4,2,4,2]-constant weight code
{1001,1001} as Cp and [2, 2,2, 1]-constant weight code
{01,10} as C;. In this case, we have

o= () (222

0011 1100
and

P(C) = {(2013)(3102)(0231)(1320)}.

It is easy to confirm that the code P(C) is a (4,4,4)-
permutation code. In this case, the minimum distance
bound by Theorem 1 (d > min{4,2 x 2}) holds with
equality. M

0110
0011

0110
1100

The following corollary is a simple application of The-
orem 1.

Corollary 1: There exists an (n, M, d)-permutation
code with the following parameters:

n = 2",
M= (2™ —2) x (2™ —2) x --- x (22 - 2),
d22m71

)
where m is an arbitrary positive integer.

(Proof) Getting rid of (0,0,...,0) and (1,1,...,1) from
the first order Reed-Muller code of degree m, we can
obtain a [2™,2m*L — 2 2m~1 9m~1] constant weight
code. By using the [2m—¢ 2m+l—i_g gm-l=i gm-1—i]_
constant weight code as C;(i € [0,...,m — 1]), we have
the permutation codes with the above parameters.

Example 3: For m = 3,4,5, we can obtain (8,168, >
4), (16,5040, > 8), (32,312480,>16)-permutation codes,
respectively. .

2.2 Extended construction

The basic construction described in the previous sub-
section is most efficient when the component codes
have the minimum distances satisfying the equality
do = 2dy = 4dy = -+ = 2™ 'd,,_1. When the above
equality does not hold, we can improve the basic con-
struction. We here present the extended construction
for such a case.

Let B; be a subset of C;(i € [0,m — 1]). The car-
dinality of B; is denoted by g;(g; < |C;]). Let @; be
an alphabet with the cardinality ¢;. Suppose that the
functions f;(i € [0,m—1]) is a one-to-one mapping such
that fz : Qz — B;.

Counsider the set of codes L = (Lo, Ly,..., Ly—1)
where L; is a block code over the alphabet (); and the
code L; has the length 2!, ji;-codewords, the minimum
distance 0; (i € [0,m — 1]). The code is denoted by a
(2%, i, 6;)¢;-code. For a given vector

(w07w17"'7w2i71) eLl; (20)

)}



(4,5)

the value ¢; " is given by

(s, e, e ) = filws) € G, (21)

where i € [0,m — 1], s € [0,2! — 1], t € [0,2™ ¢ —1].
An m x n-matrix A can be defined as follows. The first
row of A is determined in such a way:

a(0,t) = >, teo,n-1], (22)
The i-th row(i € [1,m — 1]) of A is given by

(S)) (i,s)

a(i,g,”) =¢"", te[0,2m " —1] (23)

for s € [0,2¢—1]. The value gt(s) is given by (8). Namely,
the code L; is used for selecting 2:-codewords of C; and
each codeword is assigned to the positions correspond-
ing to the same value in terms of s. This construction
is called the extended construction.

The set A(C, L) is the set of all the possible ma-
trices obtained by the extended construction. The set
P(C, L) is defined by

P(C,L) 2 {3,,(A): A € AC,L)}. (24)

Theorem 2: The code P(C,L) is an (n,M,d)-
permutation code whose parameters are given by

n=2m (25)
M = po X p1 X -+ X fm—1, (26)
d Z min{50d0, (51d1, [N ;6m71dm71}- (27)

(Proof) Lemma 1 holds for A(C,L) as well. For
A(C, L), the minimum distance bound (corresponding
to Lemma 2) is given by

dmin Z min{éodo, (Sldl, . 75m—1dm—1}- (28)

The proof of the bound is almost the same as the proof
of Lemma 2. The only difference is that the Hamming
distance between ,851) and ,853) satisfies dj, (,Bgi) , ,Bgf)) >

Example 4: Assume the following set of constant
weight codes: Cy : [16,1170,4,8], C : [8,70,2,4], Cs :
[4,6,2,2], C5 : [2,2,2,1]. By using the basic construc-
tion, we have a (16,1170 x 70 x 6 x 2 = 982800, > 4)-
permutation code. Consider the following block codes
LO : (1711707 1)11707 Ll : (277072)707 L2 : (476372)67
Ls : (8,27,2),. By using the extended construction, we
can obtain a (16,1170 x 70 x 63 x 27 = 2264371200 ~
231> 4)-permutation code. The cardinality of the code
obtained from the extended construction is much larger
than the one obtained from the basic construction in
this case. .

The basic construction can be regarded as a special
case of the extended construction. Namely, let L; =
(2%, M;,2%) s, This code is the repetition code over
M;-ary alphabet. It is easy to see that the extended
construction yields the same results obtained from the
basic construction.
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3. Multi-stage decoding algorithm for permu-
tation codes

The multilevel structure of the permutation codes in-
troduced in the previous section naturally leads to a
multi-stage decoding algorithm for this class of codes.
Although the proposed decoding algorithm is subopti-
mal, it gives significant reduction on decoding complex-
ity of the permutation codes. The algorithm is based
on the idea of the multi-stage decoding algorithm pro-
posed by Imai and Hirakawa[6].

Throughout the section, we assume that the vector
x € P(C) (a code obtained from the basic construc-
tion) is the transmitted vector and y is the received
vector. The distance between x and y is denoted by
d(x,y). We here do not assume a specific channel. The
distance measure d(-, -) should be chosen appropriately
depending on the channel statistics. For example, we
should use the squared Euclidean distance as the dis-
tance measure for an additive white Gaussian channel.

3.1 Decoding algorithm

The outline of the multi-stage decoding algorithm is the
following. Firstly, the first(0-th) row 7o in A is decoded
with a decoder for Cy based on the assumption that
the other rows rq,...,7r,,_1 take values from {0,1}".
In this decoding process, we have ¥y as the estimate
of the first row of the transmitted word. Next, the
repetition code of 'y is decoded as well based on the
assumption ro = 7o, 72 € {0,1}",...,7p_1 € {0,1}™
In a similar way, at the i-th row, the repetition code of
C; is decoded based on the decoding result of rg to r;_1
and the assumption 7,11 € {0,1}",...,7pn_1 € {0,1}"
The procedure is repeated until all the rows has been
decoded.

37041566 37041526

11001100 11001100
11000011 [ Croee. | 11000011
01010111 01010101

C2 dec.

Fig.2 Procedure of multi-stage decoding

The detail of the multi-stage decoding algorithm
is described as follows:

[Multi-stage decoding algorithm for P(C) |

Step 1 Compute the estimate of the first row code-
word.

Po = argn;in{d(y,(bm(R)) : 1o € Co,
T € {0,1}”,...,7‘,,1,1 € {0,1}“}, (29)
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where the matrix R is the matrix with the rows
(7‘0,7‘1, - ,’I‘m_l).

Step 2 Set i = 1.

Step 3 Compute the estimate of the i-th row code-
word.

7 = argrr}mivn{d(y, ®,,(R)) : 7o = Fo, ...,
ri1 =7 1,7 € Cf,riy €{0,1}",
ooy Pme1 € {0,117}, (30)

where C7 denotes the 2'-times repetition code of
C;.

Step 4 If i < m — 1, then set i < i+ 1 and go to Step
3.

Step 5 Output the decoding result (7o, 71, .-
and quit the algorithm.

:fm—l)

Example 5: From Corollary 1, we can obtain a
(256,5100311059200 ~ 2%2 > 128)-permutation code.
Consider the decoding algorithm based on exhaustive
codeword generation. In this case, we have to generate
approximately 2*2-codewords. On the other hand, if we
exploit the multi-stage decoding algorithm presented
here, we need to evaluate only (2% —2) + (28 —2)+---+
(22 — 2) = 1004 -codewords of Cy,Cy,...,Cp_1. 0
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