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Abstract

Let I be a graph with vertex set V, and let a, b be nonnegative integers. An (a, b)-regular set
in I" is a nonempty proper subset D of V such that every vertex in D has exactly a neighbours
in D and every vertex in V \ D has exactly b neighbours in D. In particular, a (1, 1)-regular
set is called a total perfect code. Let G be a finite group and S a square-free subset of G
closed under conjugation. The Cayley sum graph CayS(G, S) of G is the graph with vertex
set G such that two vertices x, y are adjacent if and only if xy € S. A subset (respectively,
subgroup) D of G is called an (a, b)-regular set (respectively, subgroup (a, b)-regular set) of
G if there exists a Cayley sum graph of G which admits D as an (a, b)-regular set. We obtain
two necessary and sufficient conditions for a subgroup of a finite group G to be a total perfect
code in a Cayley sum graph of G. We also obtain two necessary and sufficient conditions
for a subgroup of a finite abelian group G to be a total perfect code of G. We classify finite
abelian groups whose all non-trivial subgroups of even order are total perfect codes of the
group, and as a corollary we obtain that a finite abelian group has the property that every
non-trivial subgroup is a total perfect code if and only if it is isomorphic to an elementary
abelian 2-group. We prove that, for a subgroup H of a finite abelian group G and any pair of
positive integers (a, b) within certain ranges depending on H, H is an (a, b)-regular set of
G if and only if it is a total perfect code of G. Finally, we give a classification of subgroup
total perfect codes of a cyclic group, a dihedral group and a generalized quaternion group.
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1 Introduction

All groups considered in this paper are finite, and all graphs considered are finite, undirected
and simple. We follow [3] and [ 12], respectively, for graph- and group-theoretical terminology
and notation. As usual, we use V (I") and E (I") to denote the vertex set and edge set of a graph
I', respectively. For a vertex v € V(I'), the neighbourhood of v in I, denoted by Nr(v) or
simply N (v), is the set of vertices adjacent to v in I'. The degree of v in I, denoted by deg(v),
is the number of edges of I" incident with v in I". The edge between two adjacent vertices u, v
isdenoted by {u, v}. The subgraph of I" induced by a subset S of V (I'), denoted by I'[S], is the
graph with vertex set S in which two vertices are adjacent if and only if they are adjacentin I'.
Let G be a group with identity element e. If there exists an element y of G such that x = y?,
then x is called a square element; otherwise x is a non-square element. A subset S of G is
called a square-free set if it contains no square elements of G. A subset S of G is normal if it
is the union of some conjugacy classes of G, or, equivalently, g 7' Sg := {g " lsg : s € S} = §
for every g € G. Given a square-free normal subset S of G, the Cayley sum graph [1, 5] of
G with respect to S, denoted by CayS(G, §), is the graph with vertex set G such that there is
an edge between x to y if and only if xy € S. Since yx = y(xy)y~!, the condition that S is
normal ensures that CayS(G, §) is an undirected graph. The condition that § is square-free
implies that CayS(G, S) has no loops. Thus, CayS(G, S) is an undirected simple | S|-regular
graph. Given an inverse-closed subset S of G \ {e}, the Cayley graph Cay(G, S) is the graph
with vertex set G such that there is an edge between x to y if and only if xy~! € S.

Let a and b be nonnegative integers. An (a, b)-regular set [4] in a graph I" is a nonempty
proper subset D of V(I') such that [N(v) N D| = a forevery v € D and |[N(v) N D| = b
for every v € V(I')\D. In particular, a (0, 1)-regular set in I" is called a perfect code [11,
17, 22, 24], an independent perfect dominating set [10, 15], or an efficient dominating set
[6, 10]; a (1, 1)-regular set in I is called a total perfect code [11, 27], or an efficient open
dominating set [7, 10, 19]. For convenience, in the case when I' is a 1-regular graph we also
treat V(I') as a total perfect code in I'. Perfect codes, total perfect codes and regular sets
in Cayley graphs have been studied extensively in recent years; see, for example, [2, 6, 8,
11, 14, 15, 17, 19-22, 24-27]. In contrast, there are relatively few researches [16, 18, 23]
on these sets in Cayley sum graphs. This motivated us to study total perfect codes in Cayley
sum graphs in this paper. Similarly to the case of Cayley graphs, a subset D of a group G is
called an (a, b)-regular set of G if it is an (a, b)-regular set in some Cayley sum graph of
G, and an (a, b)-regular set of G is called a subgroup (a, b)-regular set of G if it is also a
subgroup of G. In particular, a (0, 1)-regular set of G is called a perfect code of G, and a
(1, 1)-regular set of G is called a total perfect code of G.

The structure and main results in this paper are as follows. In the next section we present
some basic results that will be used in subsequent sections. Among other things we give two
necessary and sufficient conditions for a subgroup of a group G to be a total perfect code
in a given Cayley sum graph of G (Theorem 2.3). In Sect.3, we first give two necessary
and sufficient conditions for a subgroup of an abelian group G to be a total perfect code
of G (Theorem 3.2). Using this result, we then classify abelian groups whose all non-trivial
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subgroups of even order are total perfect codes of the group (Theorem 3.5). As a consequence,
we obtain that an abelian group has the property that every non-trivial subgroup is a total
perfect code if and only if it is isomorphic to an elementary abelian 2-group (Corollary 3.6).
We determine all subgroup total perfect codes of a cyclic group (Theorem 3.7). In Sect. 3, we
also prove (Theorem 3.8) that a subgroup H of an abelian group G with p(H) > 1 is a total
perfect code of G if and only if it is an (a, b)-regular set of G forany 1 < a < p(H) and
1 <b<|H|— p(H), where p(H) is the number of non-square elements of H. Finally, we
determine all subgroup total perfect codes of a dihedral group and a generalized quaternion
group (Theorems 4.2 and 4.4) in Sect. 4.

2 A few basic results

As usual, for a group G and a subgroup H of G, we use |G : H| to denote the index of H in
G. A right transversal of H in G is a subset of G which contains exactly one element from
each right coset of H in G. For any two subsets A, B of G, set

AB:={ab:a € A,b € B}.

A partition 7 = {Vy, Vo, ..., V,.} of V(I') is called an equitable partition of a graph '
(see, for example, [9]) if there is an r x r matrix M = (m;;), called the quotient matrix
of 7, such that for any 1 < i, j < r, every vertex in V; has exactly m;; neighbours in V;.
A graph I" is called [27] a pseudocover of a graph X if there exists a surjective mapping
f V() — V(X) such that F[ffl(v)] is a matching for every v in V(X) and f is a
covering projection from I'’* to X, where I'* is the graph obtained from I" by deleting the
matching in each T'[ f 1 (v)]. The fiber of a vertex or an edge of ¥ is its preimage under f.

Observe that if D is a total perfect code in a Cayley sum graph CayS(G, S) then |G| =
|DI|S].

Lemma 2.1 Let G be an abelian group. Let S be a square-free subset of G and set ' =
CayS(G, S). If D is a subset of G such that D = D~ s for some s € S, then |D| is even and
I'[D] is a 1-regular subgraph of T'.

Proof Since S is a square-free subset of G and D = D~ ls, every vertex in D has at least
one neighbour in I'[D]. If there exists a vertex © € D which is adjacent to two distinct
vertices in I'[ D], say, v, w € D, then vls =uand u~'s = w, and hence vu = s = wu, a
contradiction. Hence I'[ D] is a 1-regular subgraph of I". Consequently, | D| is even. O

The following result gives a connection between total perfect codes of a Cayley sum graph
CayS(G, S) and partitions of G. This result is similar to [15, Lemma 3(b)] and [27, Lemma
2.1(b)].

Lemma 2.2 Let G be an abelian group. Let S be a square-free subset of G and set T’ =
CayS(G, S). If D C G is a total perfect code in T, then {D~'s : s € S} is a partition of
V(I) = G. Conversely, if there is a subset D of G such that D = D~ s for at least one
s € Sand{D~'s : s € S} is a partition of G, then D is a total perfect code in T.

Proof Denote S = {s1, 52, ..., 8k}. Suppose D C G is a total perfect code in I". Since I"
is |S|-regular, we have |G| = |DI|S|. If D~!s; N D~'s; # @ for two distinct elements
si, s;j of S, then there exist distinct elements d;, d; € D such that dflsi = d;ls j» which
implies that this vertex is adjacent to two distinct vertices in D, a contradiction. Hence
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D lsin D’ls‘,- = { for any two distinct 5;, s; € S. Combining this with |G| = | DI|S], we
see that (D~ !sy,..., D7 \s;}isa partition of V(I') = G.

Now suppose D is a subset of G suchthat D = D~s; for some i and {D_lsl, e, D_lsk}
is a partition of G. By Lemma 2.1, I'[D] is a 1-regular subgraph of I". Moreover, since
(D715, ..., D" ls} is a partition of G, for any vertex u € G \ D, there exists a unique
element s; € S such thatu € D7 ls j» which implies that there exists a unique vertex v € D
such that u = v™ls j- That is, every vertex in G \ D is adjacent to a unique vertex in D.
Hence D is a total perfect code in I". O

It is not true that for every total perfect code D in CayS(G, S) there exists an element
s € S such that D = D~ls. So Lemma 2.2 is not a necessary and sufficient condition for a
subset D of G to be a total perfect code in CayS(G, S§).

The main result in this section, stated below, is the counterpart of [16, Lemma 2.1] for
total perfect codes.

Theorem 2.3 Let G be a group and H a subgroup of G. Let S be a square-free normal subset
of G and set T' = CayS(G, S). Then the following statements are equivalent:

(a) H is atotal perfect code in T';
(b) S is aright transversal of H in G;
(¢) |G : H| =S| and HN (H(SS~\{e})) = 0.

Proof Note that V(') = G. Set S = {s1, 52, ..., Sk}

(a)= (b) Since H is a subgroup total perfect code in I', by Lemma 2.2, {Hs : s € S}isa
partition of G. That is, S is a right transversal of H in G.

(b) = (a) Suppose that S is a right transversal of H in G. Then {Hs;, Hso, ..., Hsi}
is a partition of G. Thus, for any vertex u € G, there exists a unique element s; of S such
that u € Hs;, say, u = hs; for some h € H. Then u is adjacent to h~! € H and hence
IN(u)NH| > 1.1f u is adjacent to two distinct vertices h;, h; € H,then hju = s;, hju =s;
for two distinct elements s;, s; € S, which implies u = hi_lsi = h;lsj € Hs; N Hsj, a
contradiction. Hence |N(u) N H| = 1 for any u € G and therefore H is a total perfect code
inT.

(b) = (c) Suppose that S is a right transversal of H in G. Then |G : H| = |S|. If h is an
element of H N (H(SS~!\ {e})), then there exists an element 4; € H such that h = hisl-s/._]
for two distinct elements s;,s; € S. Thus, hs; = h;s; and Hs; = Hsj, a contradiction.
Therefore, H N (H(SS™1\{e})) = @.

(c) = (b) Suppose that |G : H| = |S| and H N (H(SS™'\{e})) = @. We claim that
Hs; N Hs; = @ for any two distinct elements s;,s; € S. Suppose to the contrary that
Hs; N Hs; # { for two distinct elements s;, s; € S, then h;s; = hjs; forsome h;, hj € H,
and hence h; = hijslfl € HN(H(SS~ '\ {e})), a contradiction. Thus, Hs; # Hs; for any
two distinct elements s;, s; € S. Since |G : H| = |S|, it follows that § is a right transversal
of HinG. O

We now present six corollaries of Theorem 2.3.

Corollary 2.4 Let G be a group and H a subgroup of G. Let S be a square-free normal subset
of G and set T' = CayS(G, S). If H is a subgroup total perfect code in T, then there exists a
unique element s of S such that for any edge {u, v} of '[H] we have vu = uv = s.

Proof Since H is a subgroup total perfect code in I', by Theorem 2.3, S is a right transversal
of H in G. Thus, there exists a unique element s of S suchthat H = Hs. Of course,s € HNS.
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Since H is a subgroup of G, for any edge {u, v} of I'[H], we have uv, vu € H N S. Hence
H = H(uv) = H(vu). By the uniqueness of s, we then obtain uv = vu = s. ]

The following result follows from Corollary 2.4 and Theorem 2.3 immediately.

Corollary 2.5 Let G be a group and H a subgroup of G. Let S be a square-free normal subset
of G and set T = CayS(G, S). If H is a subgroup total perfect code in T, then |H N S| = 1.

Corollary 2.6 Let G be an abelian group and H a subgroup of G. Let S be a square-free
subset of G and set ' = CayS(G, S). If H is a subgroup total perfect code in T', then
{Hs : s € S} is an equitable partition of ', and moreover each Hs, s € S is a total perfect
code inT.

Proof Denote S = {s1, 52, ..., sg}. By Theorem 2.3, we know that {Hs{, Hs>, ..., Hsi} is
a partition of V(I') = G. We claim that for each ¢ between 1 and &, any vertex u € G has a
unique neighbour in H's;. Suppose to the contrary that u has two distinct neighbours vs;, ws;
in Hs;, where v, w € H. Then uvs, = s; and uws;, = s; for some s;,s; € S. Note that
i # jasv # w. Hence us; = v ls; = w_ISj € Hs; N Hsj, which contradicts the fact that
{Hs1, Hsa, ..., Hsi} is a partition of V (I'). So each vertex of I has exactly one neighbour
in each part Hs;. Consequently, {Hs1, Hsa, ..., Hsi} is an equitable partition of I' whose
quotient matrix is the k x k all-1 matrix, and each part Hs; is a total perfect codeinI". O

Combining [27, Lemma 2.5], Theorem 2.3 and Corollary 2.6, we obtain the following
result.

Corollary 2.7 Let G be an abelian group and H a subgroup of G. Let S be a square-free
subset of G and set I' = CayS(G, S). Then the following statements are equivalent:

(a) H is atotal perfect code in T';

(b) there exists a pseudocovering [ : CayS(G, S) — K|s| such that Hs is a vertex fibre of
f for some s in S;

(c) {Hs :s € S} is an equitable partition of T

The following result is the counterpart of [16, Proposition 2.5] for total perfect codes.

Corollary 2.8 Let G be a group and H a normal subgroup of G. Let S be a square-free normal
subset of G. If H is a subgroup total perfect code in CayS(G, S), then for any g € G\S
there exists an element h € H\{e} such that gh = hg, and there exists a unique element
h € (H\{e}) NS such that gh = hg.

Proof Since H is a subgroup total perfect code in CayS(G, S), by Theorem 2.3, S is a right
transversal of H in G. Thus, for any g € G \ S, there exists a unique element s € S such that
g € Hs.So g = hs for some h € H\{e}. Thus, Hg = Hs and so Hg~! = Hs~'. Hence
Hg 'sg = (Hs~')sg = Hg = Hs. On the other hand, we have g~'sg € S as § is normal.
It follows that g~ 'sg = s and so gh = hg ass = h~g.

Since both H and S are normal, we have gHg ' N gSg~! = HN S foreach g € G.
Moreover, by Corollary 2.5, H N S only contains one element, say, 4. Since h € gH g_l N
gSg™!, we have gh = hg. Note that h € (H\{e}) N Sase ¢ S. O

Corollary 2.9 Let G be a group and H a subgroup of G. If H is a subgroup total perfect code
of G, then each coset of H in G contains at least one non-square element.
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Proof Since H is a subgroup total perfect code of G, there exists a square-free normal subset
S of G such that H is a total perfect code in CayS(G, S). By Theorem 2.3, for any g € G
there exists an element s € S such that g € Hs. Hence Hg = Hs and so Hg contains the
non-square element s. O

For a subset A of a group G, define

A=) nal@g € ZIG),
geG

where ua(g) = 1if g € Aand pa(g) = 0if g € G\ A. The following is the counterpart of
[22, Lemma 2.1] for Cayley sum graphs.

Lemma 2.10 Let G be a group, D a subset of G, and S a square-free normal subset of G.
Let a and b be nonnegative integers. Then the following statements are equivalent:

(a) D isan (a, b)-regular set in CayS(G, S);
() |IDNSg~!'| =aforeach g € D and |D N Sg~'| = b for each g € G\D;

(c) D~!'-S=aD +bG\ D;
(d D='-S+ b —-a)D =0bG.

In particular, if D is a subgroup o ofG then D is an (a, b)-regular set in CayS(G, S) if and
onlyif I DNS|=aand S\ D-D =bG \ D.

Proof Denote I' = CayS(G, S).
(a) < (b) This follows from the definition of an (a, b)-regular set in a Cayley sum graph.
(b) & (c) Note that

PTS-YYatk=Y ¥

deD se§ xeG (d,s)eDxS
d 's=x
=22 %= D%
xeG deD xeG deD
dxe§ deSx~!
=Y I1Sx7' N D|x
xeG
=Y ISx'nDlx+ Y |Sx7'nDlx.
xeD xeG\D

Note also that (b) holds if and only if

D ISx'NDlx=aD and Y [Sx”'NDlx=bG\ D
xeD xeG\D

Thus part (b) and part (c) are equivalent.

(¢) < (d) This can be verified by a straightforward computation.

Now assume D is a subgroup of G. Then condition (c) becomes D - S = aD + bG\D.
Since {S N D, S\D} is a partition of S and d-D=Dforalld € D, _we have DS =
(SND+S\D)-D=SND-D+8\D-D = |DﬁS|D+S\D D. Hence D is an

(a, b)-regular set in T" if and only if |[D N S| = a and S\D - D = bG\D. O
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3 Subgroup total perfect codes of abelian groups

In this section we focus on subgroup total perfect codes of abelian groups. Since any total
perfect code contains an even number of vertices, an abelian group cannot admit any subgroup
total perfect code unless its order is even. So we only consider abelian groups of even order
in this section. Let us begin with the following known result.

Lemma 3.1 [16] Let Gy, G2, ..., G, be groups and let H; be a subgroup of G; for1 <i < n.
If S; is a right transversal of H; in G; for 1 <i < n, then S1 X S X --- x Sy, is a right
transversal of Hy x Hy X -+ x H, in G1 X Gy x --+- X Gp.

The following is the first main result in this section, where the equivalence between (a)
and (b) is the counterpart of [16, Theorem 3.1] for total perfect codes.

Theorem 3.2 Let G be an abelian group of even order with non-trivial Sylow 2-subgroup P.
Let H be a subgroup of G. Then the following statements are equivalent:

(a) H is a subgroup total perfect code of G;
(b) H N P is a subgroup total perfect code of P;
(c) H contains a non-square element of G.

Proof Since P is the Sylow 2-subgroup of G, we may write G = P x Q, where Q is the
Hall 2’-subgroup of G. Since |G| is even, P is non-trivial and hence H N P is the Sylow
2-subgroup of H. Let H = P; x Q1, where Py = H N P and Q; consists of the elements
of H with odd order.

(a) = (b) Suppose that H is a subgroup total perfect code of G. Then there exists a square-
free normal subset S of G such that H is a total perfect code in CayS(G, §). By Theorem 2.3,
S is a right transversal of H in G. Set! = |G|/|S| and denote

S = {(plﬁql)v"'a (Pl"]l)}v

where p; € P and ¢; € Q for 1 <i <. Since (p;, gi), 1| <i < are non-square elements
of G, we know that p;, 1 <i <[ are non-square elements of P. Thatis, T = {p1, ..., pi}
is a square-free subset of P. Note that | P{| > 2, for otherwise each element (¢, q) € H =
{e} x Q1 would be a square element, a contradiction. If P; = P, then | P| is even. Since
pi, 1 <i <1 are non-square elements of P, there is a non-square element p of P such that
P is a total perfect code in CayS(P, {p}). Assume P; # P. Define S’ to be the subset of T
with maximum cardinality such that Py p; for p; € S’ are pairwise distinct. Then Py p; for
pi € § are pairwise disjoint. Since 7 is a square-free subset of P, so is §'. If U, s Py p;
is a proper subset of P, then there exists p € P\(Up,cs Py p;) such that p € Py p; for some
pi €{p1,.... p\S'. Thus, Py p; for p; € §"U{p,} are pairwise distinct, which contradicts
the choice of S’. Hence §’ is a right transversal of Py in P. By Theorem 2.3, it follows that
P is a subgroup total perfect code of P.

(b) = (a) Suppose that P is a subgroup total perfect code of P. Take " = {qo, g1, - - -, q1}
to be a right transversal of Q; in Q, where g9 € Q. If P = P, then there exists a non-
square element x € P such that § = {(x, qo), (x, q1), - .., (x, q)} is a square-free subset of
G. In this case, S is a right transversal of H in G by Lemma 3.1, and therefore H is a total
perfect code of G by Theorem 2.3. Assume P; # P. Thatis, P is not a subset of H. Since
Py is a subgroup total perfect code of P, by Theorem 2.3 there exists a square-free subset
St ={p1, p2, ..., pm} of P which is aright transversal of Pj in P. Define S = S} x §’. By
Lemma 3.1, S is aright transversal of H in G. Since each p; € S| is a non-square element of
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P, each (p;, qj) € S is a non-square element of G. That is, S is a square-free normal subset
of G. Thus, by Theorem 2.3, H is a total perfect code in CayS(G, S) and therefore is a total
perfect code of G.

(a) = (c) This follows from Corollary 2.9.

(c) = (a) Suppose that H contains a non-square element of G, say, s € H. Then P; #
and |H| is even. Since s € H, we may take a right transversal S = {s, sy, ..., sx}of Hin G
containing s. If for some i both s; € S and ss; are square elements, say, ss; = g%, s; = g%
for some g1, g» € G, thens = g% (g%)’1 = (g1 gz_l)Z, which contradicts the assumption that
s is a non-square element of G. Thus, if s; € S is a square element, then ss; is a non-square
element and in this case we replace s; by ss; in S. In this way we obtain a square-free subset
of G which is also a right transversal of H in G. It follows from Theorem 2.3 that H is a
subgroup total perfect code of G. O

By the proof of Theorem 3.2, if a subgroup H of an abelian group G contains a non-square
element, then there exists a square-free subset S of G which is a right transversal of H in G.
So there is a unique element s of S such that Hs = H, and hence (S \ {s}) U {e} is also a
right transversal of H in G. Combining this with [16, Lemma 2.1], we obtain the following
result.

Corollary 3.3 Let G be an abelian group. Then any a subgroup of G which contains a non-
square element is a perfect code of G.

To prove our second main result in this section we need the following lemma which is
analogous to [16, Lemma 3.4].

Lemma3.4 Let Gy, Ga, ..., G, be cyclic 2-groups. Let G = G1 x G2 X --- X G, and let
H = H| x Hy x --- x H,, be a non-trivial subgroup of G, where H; is a subgroup of G; for
1 <i < n. Then H is a subgroup total perfect code of G if and only if H; = G; holds for at
least one i between 1 and n.

Proof We first prove the necessity. Suppose that H is a subgroup total perfect code of G.

Then there exists a square-free subset S = {s1, 52, ..., s;;} of G which is a right transversal
of H in G. In particular, G = Hs; U Hsp U - -- U Hs,. Note that each element of S is of
the form s; = (s;(1), Si2) - - - » Si(n))» Where s;(;) is an element of G; for I < j < n. By

Corollary 2.5, there exists an element s; € S N H and an element s;(;) € G; such that s;(j)
is a non-square element of G ;. Since G is a cyclic 2-group and H; is a subgroup of G ;, we
have (Si(j)> = HJ' and (Si(j)) = Gj. Hence H_,' = Gj.

Now we prove the sufficiency. Without loss of generality we may assume H; = G. Since
H; = G isacyclic 2-group, it contains a non-square element, say, g. Take a right transversal
S; of Hi in G; for2 <i < n,andset S = {g} x S x --- x §,. Since g is a non-square
element, each element of S is a non-square element of G. Thus, by Lemma 3.1, S is a right
transversal of H in G. Therefore, by Theorem 2.3, H is a subgroup total perfect code of G.

O

It would be interesting to determine all groups for which every non-trivial subgroup of
even order is a total perfect code. The next result solves this problem for abelian groups
(see [16, Theorem 3.5] for a result of the same spirit for subgroup perfect codes of abelian
groups).

Theorem 3.5 Let G be an abelian group. Every non-trivial subgroup of G with even order
is a subgroup total perfect code of G if and only if G is isomorphic to Z5 withn > 2, or
75 x Q with Q a non-trivial abelian group of odd order.
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Proof The sufficiency follows from Theorem 3.2 and Lemma 3.4. To prove the necessity,
suppose that every non-trivial subgroup of G with even order is a subgroup total perfect code
of G. In the case when G is a 2-group, if G has an element g of order 4, then (g2) contains
square elements only and hence is not a total perfect code of G. This contradiction shows that
G has no elements of order 4 and so G = Z for some n > 2. It remains to consider the case
when G is not a 2-group. In this case we have G = P x Q, where P is the Sylow 2-subgroup
of G and Q is the Hall 2’-subgroup of G. Let H be a non-trivial subgroup of G with even
order. Then |H N P| # 1. If there is an element g of order 4 in P, then ((e, e), (gz, e))
contains square elements only and hence is not a total perfect code of G, a contradiction.
Thus, P does not contain elements of order 4 and hence G = Zg x Q. O

The following corollary follows from Theorem 3.5 immediately.

Corollary 3.6 Let G be an abelian group. Every non-trivial subgroup of G is a subgroup total
perfect code of G if and only if G is isomorphic to 7 for some n > 2.

Cayley sum graphs of Z7 are the same as Cayley graphs of Z7, which are called cubelike
graphs in the literature. Since the index of any non-trivial subgroup of Z is a power of 2,
we see that any cubelike graph admits a subgroup total perfect code if and only if its degree
is a power of 2. This result is exactly the first statement in [27, Theorem 4.1].

Using Theorem 3.2, we can construct all subgroup perfect codes of some special abelian
groups. For example, from Theorem 3.2 we obtain the following result, which is the
counterpart of [16, Theorem 3.7] for total perfect codes.

Theorem 3.7 Let G = (g) be a cyclic group. Let H = {g') be a non-trivial subgroup of G,
where t is the smallest positive integer such that g' generates H. Then H is a subgroup total
perfect code of G if and only if t is odd and |H | is even.

Proof We first prove the necessity. Suppose H is a subgroup total perfect code of G. Then
|H| is even. Also, t must be odd, for otherwise g” is a square element for each i > 1 and
hence, by Corollary 2.5, H is not a subgroup total perfect code of G, a contradiction.

Next we prove the sufficiency. Suppose t = 2j + 1 is odd and |H| = 2i is even, where
i,j = 1. Then g?' = e and t < n/2 by the choice of . It is readily seen that S =
(g.8% ..., g'}isa right transversal of H in G. If g* € Sis asquare element, then we replace
it by g¥** in S. In this way we obtain 8’ = {g, g>t’, g3, ¢**', ..., g%/ T, g'} which is a
square-free subset of G. Since S is a right transversal of H in G, we have Hg? ! £ Hg?/+1
and Hg?+" £ Hg%% for0 < i # j < (t — 1)/2. If Hg%*! = Hg%*" for some
0<i,j<(@t—1)/2, then Hg%+! = Hg%+ = Hg'g? = Hg?/  but this contradicts the
fact that S is a right transversal of H in G. Therefore, S’ is a right transversal of H in G.
Thus, by Theorem 3.2, H is a subgroup total perfect code of G. O

It follows from Lemma 3.4 and Theorem 3.7 that for any £ > 1 the cyclic group of order
2% has no non-trivial subgroup total perfect code.

The following result is the counterpart of [22, Theorem 1.2] for Cayley sum graphs. Denote
by p(G) the number of non-square elements of a group G. Note that p(G) < |G| as the
identity element of G is a square element.

Theorem 3.8 Let G be an abelian group and H a subgroup of G with p(H) > 1. Then

H is an (a, b)-regular set of G for every pair of integers (a,b) with 1 < a < p(H) and
1 <b <|H|— p(H) ifand only if H is a total perfect code of G.
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Proof Suppose that H is an (a, b)-regular set of G forany | < a < p(H)and 1 < b <
|H| — p(H). Since 1 < p(H) < |H|, we can take a = b = 1 and thus obtain that H is a
subgroup total perfect code of G.

Now suppose that H is a total perfect code of G. Then there is a square-free subset
S = {s1,52,...,5,} of G such that H is a total perfect code in CayS(G, S). By Theorem
2.3, S is aright transversal of H in G. Without loss of generality we may assume H = H'sj.
Consider an arbitrary pair of integers (a, b) with 1 <a < p(H)and 1 <b < |H| — p(H).
Since H contains p (H) non-square elements and 1 < a < p(H), we can take a distinct non-
square elements s1 1, 51,2, ...,51,4 in H. Denote S1 = {s1,1,51,2, ..., S1,¢}. By Theorem
2.3, for any element g € G \ H, there is a unique element s; € S such that g € Hs;.
Since H contains |H| — p(H) square elements and 1 < b < |H| — p(H), we can take
b square elements ki, hy, ..., hp in H. Since S is a non-square subset of G, we see that
Sy ={hisj : 1 <i <b,2 < j < m}is anon-square subset of G. Since S is also a
non-square subset of G, so is 8 = §; U S;. We claim that H is an (a, b)-regular set in
CayS(G, S). In fact, since S| € H and H is a subgroup of G, for any g € H, there are
a distinct elements Ay 1, k12, ..., h1 4 of H such that by ;g = s1; for 1 < i < a. Since
HNHs; = @for2 <i < m, it follows that |[H N §’g~!| = |H N S1g| = a. On the
other hand, for any g € G\ H, there is an element 5; € S\{s1} such that g € Hs;. Since
Hs; = (Hh;)sj = H(h;sj) for 1 <i < b, we have g € H(h;s;) for 1 <i < b. Hence
there are b elements h; 1, h; 2, ..., h; p in H suchthat g = h; 1h isjforl <i < b.Itfollows
that there are b elements h; 1, b2, ..., h; » in H such that h, j& = hjsjforl <i < b.
So|HNS'g7'| =|HNSg7!| =bforany g € G\ H. Thus, by Lemma 2.10, H is an
(a, b)-regular set in CayS(G, S). Therefore, H is an (a, b)-regular set of G for any pair of
integers (a,b) with 1 <a <p(H)and1 <b < |H|— p(H). ]

4 Dihedral groups and generalized quaternion groups

In this section we determine all subgroup total perfect codes of dihedral groups and gen-
eralized quaternion groups. Recall that the dihedral group D, of order 2n is defined
as

Doy = (a,b|a" =b*=e, bab=a""). 1)
The subgroups of D,, are the cyclic groups (a’) with ¢ dividing n and the dihedral groups
{(a',a"b) with t dividingn and 0 <r <t — 1.
Lemma 4.1 [13, p. 108] Let D», be the dihedral group of order 2n > 6 as given in (1).

(a) Ifn is odd, then the conjugacy classes of Do, are: {e}, {a',a™'},{a’b:0< j <n—1},
where 1 <i < (n—1)/2.

(b) Ifnis even, then the conjugacy classes of Doy, are: {e}, {a
n/2) =1}, {a¥*'b:0<j < n/2) — 1}, where 1 <i

1} {a',a ), {a¥b:0<j <
<(@®/2)—-1

The following result is the counterpart of [16, Theorem 4.1] for total perfect codes.

Theorem 4.2 Let D5, be the dihedral group of order 2n > 6 as given in (1), and let H be
a subgroup of Dy,. Then H is a subgroup total perfect code of Dy, if and only if one of the
following holds:

(a) nis even and H is one of the following:
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() H= (a%) and n/2 is odd;
(i) H = {a',a"b), where 0 < r <t — 1, and either t = n or n/2 is odd and t is a
divisor of n/2;

(b) nisoddand H = {(a"b) = {e, a"b}, where 0 <r <n — 1.

Proof (a) We prove the necessity first. Suppose that H is a subgroup total perfect code of
D»,,. Then there exists a square-free normal subset S of Dy, such that H is a total perfect
code in CayS(D»,, S). So |S||H| = |G| = 2n and |H N S| = 1 by Corollary 2.5. Since H
is a subgroup of Dy,, we have either H = (a') with ¢ dividing n or H = (a’, a’b) with ¢
dividingn and 0 <r < —1.

Consider H = (a') first, where ¢ is a divisor of n. Since S is a normal subset of Dy, by
part (b) of Lemma 4.1, we must have H N § = {a%}. Since S is a square-free subset of Dy,
we obtain further that n/2 is odd. Since a? € H and divides n, we may assume without loss
of generality that ¢ divides n/2. (If t does not divide n, then we can choose another divisor
t' of n such that H = (a’/) and ¢’ divides n/2.) Then |S| = 2¢. Since t < n/2 and § has an
element of the form a'b, we have 2t > n/2 by Lemma 4.1. Hence n/4 < t < n/2. Since
t is a divisor of n and n/2 is odd, we have t = n/2 or n/3. However, if t = n/3, then ¢ is
even as n is even. So all elements of H are square elements, which contradicts the fact that
H NS # @ and S is square-free. Therefore, we have t = n/2 and hence H = (a% ).

Assume H = (a’, a"b) in the sequel, where ¢ divides n and 0 < r < n — 1. Since
|HNS| =1, wehave [{a")NS| =0orl.

Case 1. [(a") N S| = 0.

Since |H N S| = 1, we have «g, o € {0, 1} in this case, where og = |H N {asz :0 <
j<@/2)—1}anda; = |HN{a®¥tb:0<j<®m2)—1}.Ifag =0and a; = 1,
then H = (a"b) and r is odd. If 9 = 1 and «; = 0, then H = (a"b) and r is even. If
ap =a; = 1,then H = (e, a™™",a"'b, a"b) for some odd integer r| and even integer r,
with 1 <ry,rp <n —1.Since |H N S| =1, we have r, —r; = n/2 and n/2 is odd. Thus,
H = (a',a"b), where t = n/2 is odd.

Case 2. [(a")N S| =1.

In this case, we have (a’) N S = {a%} and n/2 is odd. Hence ¢ is an odd divisor of n/2.

Up to now we have completed the proof of the necessity.

Now we prove the sufficiency. Consider H = (a 7) first, where /2 is an odd integer. Set

S=1{a?}U{a¥th:0<j<m/2)—1U{a',a':1<i<@®/2)—1, iisodd}.
Then S is a square-free normal subset of D,,. We have

1

- n n —
HS=(€+€12) az Z+I+Za (2l+1)+2a2j+1b
=0
a8 5-1
n —
—a? Z 20+1 + Za 21+1) + Za2]+lb
=0
n—6 n—6 n
T 7 71
n _ n . n
+e+ Z 20+1+5 4 a QI+D+7 4 Za2]+1+2b
=0 =0 j=0
—6
. 5-1

_ g 1+1 +Za7(21+1) + Zaszb

-\
O
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n—6 n—6 n

R Sy 3
+e+ Za” + Za‘ﬂ + Zazf b
'=0 =0 j'=0

= Dy,.

If H = (a',a"b), wheret = n,then H = (a’b)and S = {¢'b : 0 <i <n—1}isa
square-free normal subset of D, containing a”b € S. We have

n—1 n—1 n—1 n—1 n—1
HS=(e+ab) (Zaib) = Zaib + Zarbaib = Zaib + Za”i = D»,.
i=0 i=0 i=0 i=0 i=0

It remains to consider H = {a’, a’b), where 0 < r <t — 1,n/2is odd, and ¢ is a divisor
of n/2. Assume t = 2k + 1. Set

S =58U{n/2},

where S| = {a¥*!,a=®*D .0 < < k — 1}. Since by Lemma 4.1, S| and {5} are normal
subsets of Dy, sois S. Since n is even and j is odd for each al €S, Sisa square-free normal
subset of D»,. Denote by O and E the sets of odd integers and even integers between 1 and
t — 1, respectively. Then

n/t k—1
HS = Z(ait+ar+itb) a% +Z(a2j+l +a7(2j+l))
i=1 j=0
n/t n/t k—1
— Z(ait+ar+ilb) a% + Z(ait+ar+ilb) Z(a2j+1 +a—(2j+1))

i=1 i=1 j=0

n/t n/t k—1

— Z(ait +ar+ilb) a% + Z(ait +ar+ilb) Za2j+]
=0

i=1 i=1

n/t k—1
+ Z(aiz +ar+itb) Za—(2j+l)
j=0

i=1

n/t n/t
=Z(ait+ar+itb)+z aj Z(a”—}—ar""itb)
i=1 jeo i=1
n/t
+ Z aj Z(ait —I—arH’b)
jeE i=1
t n/t
_ Z a Z(an +a' D)
j=1 i=1
= Dy,.

In each case above we obtain from Lemma 2.10 that H is a subgroup total perfect code
of Dy,.
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(b) We first prove the sufficiency. Consider the subgroup H = (a"b) of Dj,, where
0<r<n-—1.SetS={a’b:0<j<n—1}. Then S is a square-free subset of D;,, and
by Lemma 4.1, S is normal as well. We have

n—1 n—1 n—1 n—1 n—1
HS=(+adb) <Zaib> = Za’b—l— Zarbaib = Zaib—i— Za“" = D»,.
i=0 i=0 i=0 i=0 i=0
Settinga = b = 1 in Lemma 2.10, we obtain that H is a subgroup total perfect code of Dy,,.
Now we prove the necessity. If H = (a') is a subgroup total perfect code of D,,, where ¢
is a divisor of n, then there exists a square-free normal subset S of D, such that H is a total
perfect code in CayS(Dy,, S). By Corollary 2.5, we have |H N S| = 1. Since H = {a'), the
unique element of HN.S is of the form a'l,where0 <i < (n/t)—1.Since S is anormal subset
of Dy,, by Lemma 4.1, we have a~" € HN S, but this contradicts the fact that [HNS| =1.
Thus, H = (a') cannot be a total perfect code of Dy,. Suppose H = (a’, a”b) is a subgroup
total perfect code of D»,, where ¢ is a divisorof n and 0 <r <t — 1. Then |[HN S| =1
by Corollary 2.5. If a' € H N S for some positive integer i, then a~* € H N § by Lemma
4.1, but this contradicts the fact that |H N S| = 1. So there is a positive integer i such that
a"t'b € HN S. By Lemma 4.1, we know that all elements a’ 7/'h with0 < j < (n — 1)/2
are in H N S. Since |HNS| =1, we must have a’ = ¢ and hence H = (a"b) ={e, a”b}. m}

The generalized quaternion group Qu, of order 4n > 8 is defined as
Qun=(a,bla"=b"a" =e, b ab=a""). 2)

Itis known that the subgroups of Q4 are (a’) with ¢ dividing 2n and (a’, a”b) with ¢ dividing
2nand 0 <r <t —1.

Lemma 4.3 [13,p.420] The generalized quaternion group Qa, has precisely n+3 conjugacy
classes: {e}, {a"}, {a',a™"}, {asz :0<j<n-1}, {02/+1b :0 < j <n—1}, where
l<i<n-1

Similarly to [16, Theorem 5.1], we can determine all subgroup total perfect codes of Qu;,.

Theorem 4.4 Let Qu, be the generalized quaternion group of order 4n > 8 as given in (2),
and let H be a subgroup of Quy,. Then H is a subgroup total perfect code of Qa;, if and only
ifnisoddand H = {e,a"b, b2, arb3}fors0m60 <r<n-1

Proof Suppose that n is odd and H = {e, a’b, b2, a’bS} for some 0 < r < n — 1. Then
S = {a21+1b : 0 < j < n — 1} is a square-free normal subset of Q4,. Since n is odd, we
have

n—1
HS=(e+db+b*>+db ZazHlb
=0

n—1 n—1 n—1 n—1
= Za2]+lb + Zarbazﬁ'lb + Zb2a2f+1b + Zarb3a2]+lb
=0 j=0 =0 =0

n—1 n—1 n—1 n—1
— ZGQJ—Hb + Zar—(Zj—H)bZ + Za21+1b3 + Zar—(Qj—H)
Jj=0 Jj=0 =0 Jj=0

n—1 n—

n—1
— Zaz”lb + Z“HWWH) +
Jj=0 j=0 J

1 n—1
"D 4§ gr= @it
0 j=0
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n—1 n—1 n—1 n—1
— 202]+1b+2ar+2] +Za2]b+2ar—(2]—l)
Jj=0 j=0 j=0 j=0

= Q4n-

Thus, by Lemma 2.10, H is a subgroup total perfect code of Q4.

We now prove the necessity. Let H be a subgroup total perfect code of Qu,. Then
there exists a square-free normal subset S of Qg, such that H is a total perfect code in
CayS(Q4n, S). By Corollary 2.9, we have |H N S| = 1. We have either H = (a') with
t dividing 2n or H = (a',a"b) with ¢ dividing 2n and 0 < r < t — 1. However, if
H = (a'), then H NS = {b?}, which is a contradiction as b? is a square element of
Qu4n. Thus, H = {a’, a”b) for some ¢ dividing 2n and r between 0 and ¢ — 1. Since §
is normal, by Lemma 4.3, if a’’ € (a’) N S for some i, then a~ € (a’) N S. Since
|[H N S| = 1, it follows that [(a’) N S| = 0. Setag = |[HN{a%b:0<i <n—1}
and oy = |H N{a¥'b : 0 <i < n—1}|. Then ag, ey € {0,1}. If ¢p = 1 and
@) = 0, then a®b € H for some 0 < r < n — 1, and hence b2, a**"p € H. Thus,
a¥ " e HN{@®*tb:0<i<n—1}ora?t e HN{a*b :0 <i < n — 1}, which
is a contradiction. So («g, @) # (1, 0). Similarly, («g, o) # (0, 1). If @9 = a1 = 1, then
we must have H = {e, a’b, b2, a’b3} for some odd r with O < r < n — 1. Moreover, if n
is even, then a’b and a’b> are in the same conjugacy class of Q4,, which contradicts the
assumption that ¢g = «; = 1. Thus, n must be odd. ]

Acknowledgements The authors would like to thank the anonymous referees for their valuable comments.
The first three authors were supported by the National Natural Science Foundation of China (Grant Nos.
11571155, 12071194).

Data availabilty No data were used support this study.

Declarations

Conflict of interest The authors declare that they have no conflicts of interest.

References

1. Amooshahi M., Taeri B.: On Cayley sum graphs of non-abelian groups. Graphs Comb. 32(1), 17-29
(2016).
2. Araujo C., Dejter L.: Lattice-like total perfect codes. Discuss. Math. Graph Theory 34(1), 57-74 (2014).
3. Biggs N.: Algebraic Graph Theory. Cambridge University Press, Cambridge (2001).
4. Cardoso D.M.: An overview of («, T)-regular sets and their applications. Discret. Appl. Math. 269, 2-10
(2019).
5. Chung FR.K.: Diameters and eigenvalues. J. Am. Math. Soc. 2(2), 187-196 (1989).
6. Dejter 1], Serra O.: Efficient dominating sets in Cayley graphs. Discret. Appl. Math. 129(2-3), 319-328
(2003).
7. Gavlas H., Schultz K., Slater P.: Efficient open domination in graphs. Sci. Ser. A Math. Sci. (N.S.) 6,
77-84 (2003).
8. Ghidewon A.-A., Hammack R.H., Taylor D.T.: Total perfect codes in tensor products of graphs. Ars
Comb. 88, 129-134 (2008).
9. Godsil C., Royle G.: Algebraic Graph Theory. Springer, New York (2001).
10. Haynes T.W., Hedetniemi S.T., Slater P.J.: Fundamentals of Domination in Graphs. Marcel Dekker, New
York (1998).
11. Huang H., Xia B., Zhou S.: Perfect codes in Cayley graphs. SIAM J. Discret. Math. 32(1), 548-559
(2018).
12. Hungerford T.W.: Algebra. Springer, New York (2003).

@ Springer



Subgroup total perfect codes in Cayley sum graphs 2613

13. James G., Liebeck M.: Representations and Characters of Groups. Cambridge University Press,
Cambridge (2001).

14. Kwon Y.S., Lee J.: Perfect domination sets in Cayley graphs. Discret. Appl. Math. 162, 259-263 (2014).

15. Lee J.: Independent perfect domination sets in Cayley graphs. J. Graph Theory 37(4), 213-219 (2001).

16. Ma X., Feng M., Wang K.: Subgroup perfect codes in Cayley sum graphs. Des. Codes Cryptogr. 88(7),
1447-1461 (2020).

17. Ma X., Walls G.L., Wang K., Zhou S.: Subgroup perfect codes in Cayley graphs. SIAM J. Discret. Math.
32(3), 1009-1931 (2020).

18. Ma X., Wang K., Yang Y.: Perfect codes in Cayley sum graphs. Electron. J. Comb. 29(1), P1.21 (2022).

19. Tamil Chelvam T., Mutharasu S.: Efficient open domination in Cayley graphs. Appl. Math. Lett. 25(10),
1560-1564 (2012).

20. Wang X., Xu S.-J., Zhou S.: On regular sets in Cayley graphs. J. Algebraic Comb. 59, 735-759 (2024).

21. Wang Y., XiaB., Zhou S.: Subgroup regular sets in Cayley graphs. Discret. Math. 345(11), 113023 (2022).

22. Wang Y., Xia B., Zhou S.: Regular sets in Cayley graphs. J. Algebraic Comb. 57, 547-558 (2023).

23. Zhang J.: On subgroup perfect codes in Cayley sum graphs. Finite Fields Appl. 95, 102393 (2024).

24. Zhang J., Zhou S.: On subgroup perfect codes in Cayley graphs. Eur J. Comb. 91, 103228 (2021).

25. Zhang J., Zhou S.: Corrigendum to “On subgroup perfect codes in Cayley graphs” [Eur. J. Comb. 91
(2021) 103228]. Eur. J. Comb. 101, 103461 (2022).

26. ZhangJ., Zhu Y.: A note on regular sets in Cayley graphs. Bull. Aust. Math. Soc. 109(1), 1-5 (2024).

27. Zhou S.: Total perfect codes in Cayley graphs. Des. Codes Cryptogr. 81(3), 489-504 (2007).

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

@ Springer



	Subgroup total perfect codes in Cayley sum graphs
	Abstract
	1 Introduction
	2 A few basic results
	3 Subgroup total perfect codes of abelian groups
	4 Dihedral groups and generalized quaternion groups
	Acknowledgements
	References




