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Abstract

We study permutation codes which are groups and all of whose non-identity code elements
have the same number of fixed points. It follows that over certain classes of groups such
permutation codes exist.

Keywords Equidistant permutation codes - Positive type - Permutation groups

Mathematics Subject Classification 05A05 - 94B25 - 05E18

1 Introduction and results

Let n be a positive integer and let S,, denote the symmetric group on n letters, i.e. the set
of all permutations of [n] := {1, ..., n}. By a fixed point of « € S, we mean an element
i € [n] such that a(i) = i. We denote by F(«) the set {i € [n] | (i) =i} of all fixed points

This is one of several papers published in Designs, Codes and Cryptography comprising the “Special Issue:
On Coding Theory and Combinatorics: In Memory of Vera Pless”.

B Fatemeh Jafari
math_fateme @yahoo.com

Alireza Abdollahi
a.abdollahi @math.ui.ac.ir

Javad Bagherian
bagherian @sci.ui.ac.ir

Maryam Khatami
m.khatami@sci.ui.ac.ir

Reza Sobhani

r.sobhani@sci.ui.ac.ir

Department of Pure Mathematics, Faculty of Mathematics and Statistics, University of Isfahan,
81746-73441 Isfahan, Iran

Department of Applied Mathematics and Computer Science, Faculty of Mathematics and Statistics,
University of Isfahan, 81746-73441 Isfahan, Iran

3 School of Mathematics, Institute for Research in Fundamental Sciences (IPM), 19395-5746 Tehran, Iran

Published online: 05 January 2022 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10623-021-00997-y&domain=pdf
http://orcid.org/0000-0001-7503-4289

F. Jafari et al.

of . For any two permutations o, t € S, the distance d (o, 7) between o and 7 is defined by
n—|Fer Hl.

By a permutation code (PC) of length n we simply mean a non-empty subset C of S,,. A
permutation code of length n is called equidistance (called EPC for short) whenever all two
distinct permutations in C have the same distance n — A which we call the distance of C, and A
is called the fixity of the code. The maximum size of an EPC of length 7 and the same distance
n — A is denoted by Me(n, A). EPCs have been studied since the 1970s. Some techniques
have been developed to derive lower and upper bounds on Me(n, A) [6,9,10,23-25,30,31].
An EPC is a special kind of equidistant frequency permutation codes (EFPCs) (introduced
in [16]) which are an interesting kind of constant composition codes (CCC). CCCs have
many applications, for example in powerline communications and balanced scheduling . The
situation when CCCs are equidistant is of particular interest, since it is known that any CCC
which is optimal must be equidistant (see [22]). We refer the reader to [3,4,7,8,15,22] for
more details about CCCs and EFPCs.

By an equidistant permutation group code (EPGC) of length n we mean an EPC of length
n which is a subgroup of Sy,. So if C is an EPGC of the length n, the size M and the distance
n — X, then C is a subgroup of S, of size M such that | F'(«)| = A for all non-trivial elements
a € C. Due to the advantages of restricting the permutation codes with a group structure in
their construction and encoding (see [26, p. 2, lines 12-16] and [29, p. 1]), throughout this
paper, we focus on EPGCs.

In this paper, we study EPG codes C whose distances are less than their lengths and such
that there is no common fixed point for all elements of C, i.e., F(C) := Nyec F (o) is empty.
Note that if F(C) # @, then C can be considered as a permutation code on [n] \ F(C).
Thus the restriction “having no common fixed point”can be easily put on any permutation
code since all coding theoretic parameters of C is unchanged except its length. The former
restriction “the same distance is less than the length”in our study of EPGC comes from the
following discussion.

Let G be a permutation group code of length n, i.e. G is a subgroup of S,,. By definition
the G-orbit containing i € [n], denoted by O(i), is the set {a(i ) | o € G} and G is called
transitive if it has exactly one orbit, that is, O(i) = [n] for all i € [r]. As usual, G is called
semiregular if F(a) = @ for all non-trivial « € G. Thus G is semiregular if and only if G
is equidistance whose distance is equal to its length. By definition G is called regular if it
is both transitive and semiregular. By Burnside’s lemma, the number of G-orbits is equal to
é dec |F(g)]. So if G is transitive, then there exists go € G such that F(gg) = @. It
follows that if G is also equidistance, | F(g)| = 0 forall g € G\ {1}. Hence, G is regular and
|G| = n and so G is permutation isomorphic to the permutation group Gg = {pg | g € G} is
a subgroup of all permutations S on G, where for each g € G, pg is the map on G defined
by right multiplication of g, i.e. p(x) = xg for all x € G. Hence, the permutation group G g
is the only transitive EPGC.

We summarize the above as follows.

Proposition1 1 A permutation group code is semiregular if and only if it is equidistance
with the property that whose distance is equal to its length.
2 A permutation group code is equidistance and transitive if and only if it is regular. In
particular, the distance is equal to its length.

A semiregular permutation group code is acting on each of its orbits as a regular permu-
tation group and so we focus our study to PGC which are non-semiregular.
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Equidistant permutation group codes

Definition 2 We call a permutation group code C which is not semiregular with 7(C) = &,
a “non-trivial "permutation group code.

In the next section we shall see that the underlying group of a non-trivial equidistance
permutation group code must be isomorphic to one of the following groups and each of the
following groups can be isomorphic to a non-trivial EPGC.

(1) a p-group G with H,(G) :={(x € G |x? # 1) # G and |G| > p;

(2) aFrobenius group;

(3) anon p-group G such that H,(G) # G for some prime p;

(4) projective general linear group PG L(2, p") of degree 2 over the field with p" elements
for some odd prime p and some integer & > 0;

(5) projective special linear group PSL(2, p") of degree 2 over the field with p elements
for some prime p and some integer 4 > 0;

(6) Suzuki group Sz(22"*1) for some integer i > 0.

Therefore what remains is to find all (if not possible at least some) of their non-trivial
“equidistance”’permutation representations of the above groups, that is, embeddings of these
groups into symmetric groups such that their images will be EPGC. We shall do the latter
for the classes (4), (5), (6) of above groups.

Our main result is the following.

Theorem 3 Let C be a non-trivial EPGC with the fixity A.
(i) IfC = PSL(2,q), where g > 4 is a 2-power, then > € {4, 4 +2,....,q —2,q,9 +

l,g+2,...}.
(i) IfC = PSL(2, q), where ¢ = p" > 4 and p is an odd prime, then
—1
refili > % and i is an even integer}.
14
- " . . q(p—1)
(iii) IfC = PGL(2, q), where ¢ = p" > 4 and p is an odd prime, then . € {——— +
p
2i|i € N}.

(iv) IfC = Sz(q), where g = 2>+ > 8 then A € {g + 4i |i € N}.
Moreover, if C is not isomorphic to any of groups (1)—(iv), then C satisfies one of the
following conditions:
(1) Cisa p-group with H,(C) := (x € C|xP # 1) # C and |C| > p, for some prime p;
(2) C is a Frobenius group;
(3) Cisnota p-group and Hy,(C) # C, for some prime p.

Remark 4 The proof of Theorem 3 gives a way of embedding into symmetric groups of the
above groups for each given distance. We only mention “all” possible distances which can
be occurred in the statement of the theorem.

The proof of Theorem 3 will be givenin Sects. 2, 3, 4. In Sect. 5 non-trivial EPGCs of fixity
2 and minimum possible length are constructed where the underlying groups are isomorphic
to the alternating groups of degree 4 and 5 and the symmetric group of degree 4. In Sect. 6 we
study a combinatorial structure so-called generalized room squares related to equidistance
permutation codes and we determine which generalized room squares are corresponding to
EPGCs. We study the applications of EPGCs in Sect. 7, which is divided into two subsections.
In Sect. 7.1, we discuss an approach to use EPGC to construct permutation codes whose set of
distances between code words are small and in Sect. 7.2, we consider an important application
of EPGCs in encoding process.
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2 Preliminaries

Let G be a finite group. A set M is called a G-set if thereisamap @ : G x M — M (called
an action), defined by ®(g, m) + g - m, such that

(1) 1-m = m forall m € M, where 1 denotes the unit element of G,
(2) go-(g-m)=(gog)-mforany g, go € Gandm € M.

For each g € G, we let Fix(g) := {m € M | g - m = m}. Obviously, [n] is a S,-set and
Fix(o) = F(o) forallo € S,,.

Definition 5 A group G is called of positive type in [17] if there exist a positive integer k
and a G-set M with the following two properties:

(i) |Fix(g)|=kforallg € G\ {1},
(if) NgeGFix(g) = . (Such a G-set M is called to be of type k and also such a group G is
called a group of type k on the G-set M.)

Definition 6 For any finite group G of positive type we denote by K(G) the set {k €
N | G is of type k} and we let 1 (G) := min(IC(G)).

Proposition 7 If G is a group of positive type, then K(G) is closed under addition and
multiplication.

Proof If M| and M, are two G-sets of types k| and k, respectively, then it is easy to see that
M7 U M3 (disjoint union of M| and M») and M| x My := {(m1,mp) |m; € M1, my € M3}
are G-sets of type k1 + k> and k1 - ko , respectively. This completes the proof. O

The following proposition shows the relation between a non-trivial EPGC and a group of
positive type.

Proposition 8 A finite group G is a group of positive type if and only if G is a non-trivial
EPGC.

Proof If G is a group of type k on G-set M, then it follows from properties (i) and (ii) of
Definition 5 that G can be embedded to Sy by themap o : G — Spy, definedby a(g) : m —
g -m and so G is an EPGC of length |M| such that F(G) = @ and |F(g)| = |Fix(g)| =k
for all non-trivial elements of G. Also if G is an EPGC of length n and distance A < n such
that 7(G) = &, then clearly G is a group of type n — A on G-set [n]. This completes the
proof. O

In view of Proposition 8, to study non-trivial EPGCs, it is sufficient to study groups of
positive type. To study groups of positive type the concept of partition of a group appears.

Definition 9 A non-trivial partition of a group G is asetw = {Hj, ..., H;} of size t > 1
consisting of non-trivial subgroups H; of G such that each non-trivial element of G belongs
to exactly one subgroup H; of 7.

In [18], itis proved that a finite group G is of positive type if and only if G has a non-trivial
partition. On the other hand, it follows from the series of the results of Baer [1], Kegel [19]
and Suzuki [28] (see [32, p. 5]) that a group G has a non-trivial partition if and only if it
satisfies one of the following conditions:

(1) Gisa p-group with H,(G) :={x € G |x? #1) # G and |G| > p;
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(2) G is a Frobenius group;

(3) Gisnota p-group and H,(G) # G for some prime p;

(4) G is isomorphic with PGL(2, p"), p being an odd prime, & > 0;
(5) G is isomorphic with PSL(2, p"), p being a prime, h > 0;

(6) G is isomorphic with a Suzuki group Sz(q); ¢ = 22+l 5 .

Therefore, if G is a non-trivial EPGC, then G must satisfy one of the above 6 conditions.
In any of the above cases, by determining the set JC(G), we can determine all possible positive
values for A such that G is an EPGC with |F(0)| = A for all non-trivial o € G. In this paper,
we determine K(G) when G satisfies the conditions (4), (5) and (6). To achieve the latter,
we need some theorems and lemmas which are stated below.

In [17], Iwahori proved the following theorem:

Theorem 10 A finite group G is of type k if and only if there exist subgroups G1, ..., G, of
G (not necessary distinct) such that

(@ G#G; #{l}fori=1,...,r.
(b) 12] +~~~+1f;r =k- 15+ 0=k 1},
where la means the character of G induced by the unit character 1¢, of the subgroup G; of

. |G| 1a%NG;l
G, ie 1% (a) = — . =71
Gi |Gl la®|

of the regular representation of G, i.e. 17 (a) = |G| ifa = 1 and 1f(a) =0 ifa # 1.

where a® = (g 'ag | g € G}, and also 1} is the character

Remark 11 By [18, Lemma 2], if H is a subgroup of a finite group G such that HNH* = H
or {1} for all x € G, then for each g € G, 1},(g) = [Ng(H)|/|H]| if g NH # @ and
15, () = 0if ¢ N H = @ (note that H* = {x"'hx |h € H} and Ng(H) is the normalizer
of HinG,ie Ng(H) ={g € G| H8 = H}).

Definition 12 A subgroup H of a finite group G is called special if H # {1}, H # G and
13, is constant on C \ {1} for any cyclic subgroup C of G.

Remark 13 Let G be a finite group and assume that there exist subgroups G, ..., G, of G
satisfying the conditions (a) and (b) of Theorem 10. Then by [17, Proposition 2.5], every G;
is a special subgroup of G. Moreover, in view of the proof of [17, Theorem II], if we let M
be the disjoint union of the G-sets G/G; = {xG; |x e G} (i =1, ...,r), then M is a G-set
of type k.

Lemma 14 Let G be a finite group and let C = (c) be a cyclic subgroup of G such that
() Foranyi € {1,...,|C} either |(¢)° N C| =[S NClor )’ NC ={c,c ),
(i) CNC* ={1}orC forall x € G.

Then if H is a special subgroup of G, then either C* < H or C*NH = {1} forallx € G.
Proof Let |cS NC| =t.Since H isa special subgroup of G, we must have 17, (c) = IZ(ci)
forall 1 <i < |C| — 1. Suppose for a contradiction that there exist s € {2,...,|C| — 1}
and x € G such that ¢* ¢ H and (c*)* < H. Suppose firstly that |(¢*)® N C| = . Then

the part (ii) of the assumption implies I(CS)GI =1 -{C8|g € G}| = |cY]. Tt is clear that
|cC N H| < |(¢*)° N H| and therefore

Gl [c9NH| |G| [(¢H)°NH| _

* _ e A . = 1%,(c%),
HO=m TG Sl e )
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that is a contradiction. Now suppose that (¢*)¢ N C = {¢*, ¢™*}. Then

|G| [c®NCI{C*|x € G,C* < H|

1% = —
1O =13 @ ncic x e Gl
IGI e, eI 1x € G (e <HY
< — —— = 1%(c),
|H| l{c', e HHCT [x € G}
that is a contradiction. This completes the proof. O

3 Equidistance actions of PGL(2, g) and PSL(2, q)

Let g be a prime power and let X = G F(g) U {oo}. Then, the set of all mappings

ax +b

cx +d’

on X such that a,b,c,d € GF(gq), ad — bc # 0 and y(c0) = a/c, y(—d/c) = oo

if c # 0, and y(c0) = oo if ¢ = 0, is a group under composition of mappings called

the projective general linear group of degree 2 over G F(q) and is denoted by PGL(2, g).
a,

yixX e

We denote by such element y € PGL(2, q). If we consider the mappings y with

c,
ad —bc = 1, then we find another group called the projective special linear group of degree 2

over G F(q) which is denoted by PSL(2, g).Itis well known that |[PGL(2, q)| = q(q2 —1),
|[PSL(2,q)| = q(q2 —1)/d, where d = gcd(q — 1,2),and PGL(2,q) = PSL(2,q) if g
is even. Hereafter, we let p be a prime, ¢ = p" and d = gcd(q — 1, 2).

Proposition 15 Let G = PGL(2, q) (resp. PSL(2, q)), where g > 4. Then

(1) G possesses a cyclic subgroup A of order g — 1 (resp. (¢ — 1)/d) such that Ng(A) is
a dihedral group of order 2(q — 1) (resp. 2(q — 1)/d).
(ii) G possesses a cyclic subgroup B of order q + 1 (resp. (¢ + 1)/d) such that Ng(B) is
a dihedral group of order 2(q + 1) (resp. 2(q + 1)/d).
(iii) G possesses an elementary abelian p-group P of order q suchthat N (P) is a Frobenius
group with kernel P and complement A.
(iv) The set {A8, B8, P8 | g € G} is a partition of G.

Proof See [13, pp. 185187 and pp. 191-193]. o

Theorem 16 Let G = PSL(2, q), where ¢ = 2" and n > 2. Then
K(G) ={%,%+2,...,q—2,q,q+1,q+2,...}.

Proof Let A = (a), B = (b) and P be the subgroups of G introduced in Proposition 15 and
let D1 = Ng(A), Do = Ng(B) and H = Ng(P). There are g + 1 conjugacy classes of G
represented by the elements:

q=2 q
1,t,a,a*,a>,...,a z ,b,b>, b, ... b2,

where (@) NA = {a',a”"}, ®)° N B = {b/, b~} foralli € {1,...,(qg —2)/2} and
j ef{l,...,q/2} and ¢ is an element of order 2 of G. So by Lemma 14, if K is a special
subgroup of G, then for all x € G, either K N T* = {1} or T*, where T € {A, B}. Hence
in view of the structure of subgroups of G (see [20, Theorem 1.2]), it can be seen that the
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special subgroups of G are as follows: A and its conjugates; B and its conjugates; D and its
conjugates; D, and its conjugates; H and its conjugates; elementrary abelian 2-groups P’ of
order 2! and their conjugates, where | <i < nand P" = P. It follows from Remark 11 that
1%.(g) = INc(D)|/IT| ifg®NT # @and 15.(g) = 0if g6 NT = @forany g € G\ {1} and
T € {A, B, P}.Before going on, let us state two points. First, since ly9NK| =|y¢nK*|for
any subgroup K of G and x, y € G, 1% (y) = 1%.(»). Second, recall that if R is a subgroup
of a finite group G, then [{R8 | g € G}| = %. Since H is a Frobenius group with kernel
P and complement A, H is of the order g(¢ — 1) and H is the union of subgroup P and
exactly ¢ conjugates of A. Hence H N B* = {1}, for all x € G, implies 1’1‘{(171') = 0 for all
jell,....q/2),1(@)% N H| =2q implies 1*;,(af) =2forallj e{l,...,(g—2)/2} and
|19 N H| = g — 1 implies 15,(t) = 1. Since D| = Ng(A) (resp. D, = Ng(B)) is a dihedral
group of order 2(g — 1) (resp. 2(g + 1)), D1 (resp. D) is the union of A (resp. B) and g — 1
(resp. g + 1) elements of order 2 and therefore I*D1 (b)) =0forall j e{l,...,q/2} (resp.
1’1‘)2(ai) =0foralli € {1,...,(g —2)/2}), I’B](aj) = 1forall j e {l,...,(qg —2)/2}
(resp. l’Bz(bj) = 1forall j € {1,...,q/2}) and l”b] (t) = q/2 (resp. I*Dz(t) =q/2). Itis
l
clear that since P, 1 <i < n, contains only 2/ — 1 elements of order 2, 15, () = Lll)
and 1*1‘3,. (t') = 0 for any element 7" of order greater than 2 of G. Obviously, 15.(1) = |G|/IT|
for all subgroups T of G. Table 1 depicts the characters of G induced by the unit characters
of special subgroups of G, where | <r < (¢ —2)/2,1 <s <g/2and1 <i <n.
From Table 1 we get immediately that

q J q ., . q .
(2—5)124‘(14‘5)1;}4‘]1?{4‘1;1 =(5+J)1E+17, (3.1)
where j < ¢/2 is an even number and
i +i—-1 , .
A é T G e L R C R ) NS L o)\

where j < g — 1 is an odd number. Now, Theorem 10 and Proposition 7 imply that
{%,%—i—Z,...,q—2,q,q+1,q+2,...} C K(G).

It follows from Theorem 10 that if k € K(G), then there exist

X1y X2y oe s X5, X6,15-+-,X6,n € Z+
such that
2x0 +x3 =k
2X1 + x4 +2x5 =k . (3.3)
%Xs + %M +xs+ Y1 (g —2""xe; =k
Sok < %impliesx_q =x4 =X61 =--- = Xp,n, = 0andxs = k. Then2x;+2k = k which

leads to a contradiction. Also, if k is odd, then it follows from system of relations 3.3 that x3 #
0and x4 # 0 and thereforek > g+1.S0K(G) € {%.44+2,....9—2.9.q+1.q+2,..}
and this completes the proof. O

Theorem 17 Let G = PSL(2, q), where ¢ = p" > 4 and p # 2. Then

K(G) = {

-1
> M | i is an even number}.
p

@ Springer



F. Jafari et al.

Table 1 Characters of 1

t r b’
G = PSL(2, q), where g is even, “
induced by the unit characters of * glg+1 0 0
special subgroups of G f
g q(qg—1) 0 0 2
q(q+1D) q
by T b 1 0
q(q—1) q
15, 5 4 0 1
1% qg+1 1 2 0
(Gl Q-1
1 4 ‘721, 4 i 0 0

Proof Let A = {a), B = (b) and P be the subgroups of G introduced in Proposition 15 and

1, 1 - 1,
let D1 = Ng(A), Dy = Ng(B) and H = Ng(P). Also, lett’ = (0 1) and 1t = (0 l;)

be two elements of order p in G, where p is a generator of the multiplicative group G F(g)*.

’

5
If ¢ = 1(mod 4), then there are 7+ conjugacy classes of G represented by the elements:

~ gq=1 q=1
1,5, t,a,a%,a>,....,a % ,b,b>, b3, ..., b3

’

5
and if ¢ = 3(mod4), then there are 1+ conjugacy classes of G represented by the

elements: s o
Li ¢ a,a%a’,...,a" 7 b2 b3, ... b'F

where (@) NA = {a,a™"}, BHCNB = b/, b7}, 1) NP = (D NP|=(g—-1)/2
foralli € {1,...,(q —1)/4}and j € {1,...,(q — 1)/4} if ¢ = 1(mod4) and for all
iefl,...,(g=3)/4}and j € {1, ..., (¢g+1)/4}if g = 3(mod 4). Note thatif g = 1(mod 4)
(resp. ¢ = 3(mod 4)), then {g € G | g2 = 1} = (@’ )C (resp. = (b*+ )F). Therefore, since
in both of the cases ¢ = 1(mod4) and ¢ = 3(mod4) the cyclic subgroups A and B satisfy
Lemma 14, dihedral groups Ng(A) and Ng(B) can not be the special subgroups of G. By
the same argument as in the proof of Theorem 16 and by the structure of the subgroups of G
(see [20, Theorem 1.2]) we determine all of the special subgroups of G and the characters of
G induced by the unit character of all of them. The special subgroups of G are as follows: A
and its conjugates; B and its conjugates; H and its conjugates; elementrary abelian p-groups
P! of order p’ and their conjugates, where 1 < i < n and P" = P. Suppose first that z is an
odd number. In view of [28, p. 263], if n is an odd number, then p — 1 non-trivial elements
of a cyclic subgroup of order p of G belong half to one and half to the other set of conjugacy

1
- : - . —1
classes of G represented by the elements 7 and ¢’. So |HC N P = |(HY N Pl = P

for all 1 < i < n. Table 2 shows the characters of G induced by the unit characters of
special subgroups of G, where n is an odd number, 1 <i <n,s € {1,...,(qg — 1)/4},
je{l,....,(g—1/4}ands € {1,...,(g+1)/4},j €{1,...,(qg —3)/4}if g = 1(mod 4)
and ¢ = 3(mod 4), respectively.

From Table 2 we get immediately that

m m
(3 =N+ 51

5 iy + 1 =mlG + 1], (34)
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Table 2 Characters of ,

7 J s
G = PSL(2,q), where g > 4 is ! ! ! a b
odd, induced by the unit *
> 1 1 0
characters of special subgroups f (@ +1D
of G g q(g—1) 2
1 g+l 1 1 2 0
=D q(p' =1 q(p' =D
1Pi 2pt 2pt 2pt 0 0
—1 . -, ..
where m = % +7r,r € ZT and m is even. So {i > % | i is an even number}
p

P
€ K(G). On the other hand, Theorem 10 implies that if k € I(G), then there exist
X1, X2, X3, X4.1, - - -, X4, € ZT such that

2x0 =k
2 2x3 =k
- =
X3+ 300 Tm,i =k
. . g(p—1) .
Therefore k is an even number and also if £k < BTy then x4, = O forall i €
p
. - qg(p—1
{1,...,n} and so 2x; + 2k = k which leads to a contradiction. So 1(G) = By and
14
o alp=1D . - X gk
KG) ={i > BT | iis even }. Now suppose that 7 is even. In this case 17, 13 and
14

1’1"1 have the same values as the case # is odd. In view of [28, p. 263], in this case all p — 1
non-trivial elements of a cyclic subgroup of order p of G belong to the same set of the
conjugacy classes of G represented by the elements 7 or ¢’. Therefore by the same argument
2
~ -1
as the case n is odd and since in this case min{l’;,,. ", 1*1‘,,. |1 <i=<n}> %,
P
2
—1
it can be seen that t(G) > Lz)
2p

-1
K(G) < {i > % | i is even} and this completes the proof. O
p

and if k € K(G), then k is an even number. Hence

Theorem18 Let G = PGL(2,q), where ¢ = p" > 4 and p # 2. Then K(G) =

{Lpp_ D faili ezt

Proof Let A = {a), B = (b) and P be the subgroups of G introduced in Proposition 15 and
let H = Ng(P). There are g + 2 conjugacy classes of G represented by the elements:

g1 g+l
1,t,a,a®,a%,...,a = ,b,b%, b, ... b2

’

where 1 is an element of order 2 of G, [t NP| =g —1, (@) NA = {a', a7}, (b)) NB =
(b, b=} foralli € {1,...,(g—1)/2}and j € {1, ..., (g+1)/2}. So, the cyclic subgroups
A and B satisfy Lemma 14 and therefore in view of the structure of the subgroups of G
(see [2, Theorem 2]), it can be seen that the special subgroups of G are as follows: A and
its conjugates; B and its conjugates; H and its conjugates; elementrary abelian p-groups
P! of order p' and their conjugates, where 1 < i < n and P" = P. Table 3 depicts the
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Table 3 Characters of

J s
G = PGL(2.q), where g > 4 s ! ! a b
odd, induced by the unit *
> 1 1 0 0

characters of special subgroups A (@ +1b
of G 5 q(@—1 0 2

1% q+1 1 2 0

@*=D =D
lj;i q ‘Ipi q Ppi 0 0

characters of G induced by the unit characters of the special subgroups of G, where ¢ is odd,
se{l,...,(g—1/2}and j €{1,..., (¢ +1)/2}.
It follows from Table 3 that

(%—i)1;+%1§+i17,+1;, = ml% + 17, (3.6)
—1 —1
where m = M 4 7 and i is an even positive integer. Hence {M +2ili €

p
7%} € K(G). On the other hand by the same argument as in the proof of Theorem 17, it

—1
can be seen that if £k € K(G), then k is an even number and £ > M and therefore

p
—1
K(G) = {M +2i |i € Z*}. This completes the proof. O
p

4 Equidistance actions of Suzuki groups

Letg = 22"+ > 8and let 7 be the unique automorphism of the field G F (¢) with 72x = x?2
for all x € GF(g). Then Suzuki groups Sz(q) := <S(a, b), M(A), T |a,b € GF(q),* €

GF(q)X>, where

1 0 00
a 1 00
S, b) = b ma 1 0]
a*(wa) +ab+nb a(ma)+b a 1
A0 0 0
0 2 0 0
M) = m
@) 0 0 A2 0
0 0 0 AU+H
0001
0010 . 2, 2
and T := 0100 (see [11, p. 3]). Itis well known that |Sz(g)| = ¢~ (¢~ + 1)(g — 1).
1000

Proposition 19 Let g = 22"+ > 8 and G = Sz(q). Then

(1) K :={MQ) |2 € GF(q)*} is a cyclic subgroup of order ¢ — 1 of G. Moreover,
Ng(K) is a dihedral group of order 2(q — 1).
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(i) Q := {S(a,b)|a,b € GF(q)} is a 2-subgroup of order q* and exponent 4 of G.
Moreover, Ng(Q) is a Frobenius group with kernel Q and complement K. We note that
Q is a suzuki 2-group (see [12]) and the center of Q (denoted Z(Q)) is an elementary
abelian 2-group of order q.

(i) G possesses cyclic subgroups Uy and Uy of orders q + /2q + 1 and ¢ — \/2q + 1,
respectively. Moreover, NG (U;), fori € {1, 2}, is a Frobenius group with kernel U; and
complement (t;), where t; is an element of order 4 such that u' = u4 for all u € U,
and ifu; € U;, then Cg(u;) = U,;.

(iv) The set {Uy,U;y, K*, Q% | x € G} is a partition of G.

(v) The maximal subgroups of G are as follows: Ng(Q), Ng(K), Ng(U}), Ng(U3) and
Sz(s) for maximal s such that s' = q for some positive integer t > 1, and their
conjugates.

Proof See [11, Theorem 4.1], [14, Lemma 3.1 and Theorem 3.10] and [21, Theorem 4.12].
O

Theorem 20 Let g = 22"*! > 8 and G = Sz(q). Then K(G) = {q + 4i |i € Z%).

Proof Let K = (k),U; = (u1), Ur = (u2) and Q be the introduced subgroups in Proposition
20. Let p = S(1,0), p~' = S(1,1) and 0 = S(0, 1) be three elements of G of orders 4,
4 and 2, respectively. There exist {io, ..., iy} C {2,...,9 + +/2¢q} and {j2, ..., jn} C

2,...,9 —+/2q}, where t; = % nd t) = %, such that the ¢ + 3 conjugacy
classes of G represented by the elements:

1, p, o0, ,0_1, ui, uliz, o, ulifl , U2, uzjz, e, uzjfz,k, kz,k3, .. .,k¥,
where |(u1)C N UL = |2 ) NUs| =4, K)°NK =k, k), 169N Q| =¢—1and
105N 0l =(p-H°NQ| = Lforallt e{l,....q+2q},t' €{1,...,q—/2q} and

s e{l,...,q—2}. Soby Lemma 14, if H is a special subgroup of G and T € {Uy, Ua, K},
then H NT* = {1} or T* for all x € G. We note that since (p) is a cyclic subgroup of order
4 of G, if H is a special subgroup of G, then we must have 13, (p) = 13 (p’l) = 1%, (0).
According to Remark 11 and part (iv) of Proposition 19, the subgroups U 1, Us, K, Q and
their conjugates are the special subgroups of G. It follows from the part (ii) of Proposition
19 that Q' = Ng(Q) is the union of Q and exactly q2 conjugates of K. Hence 1%, (a) = 0,

, 2@% 4+ 1)(g -1 2¢°
where a € Uy or U, and also l*Q,(k’) 1 @ 2+ ) ) ) Z = 2 for all
5 q-(q — 1) q-(q”+ 1)
1 —1 —1
ie{l,...,q—Z},l*,(a):q(q2+ o= 4 -~ =1land
q°(q — 1) (g =D +1
2
20,2 1 -1 q9-—q
12/(,0) = I*Q/(:O_l) = 1 (q 2+ )(q ) ) : =1L
q(g—1) T (g2 + 1)
Therefore Q' is a special subgroup of G. Table 4 depicts the characters of G induced by the
V2
unit characters of the special subgroups of G introduced above, wherer € {1, ..., qﬂ%},
se(l,... 1= 4V Lit=ji=1landl €(l,...,(q —2)/2).
From Table 4 we get immediately that
l—l—z l—l—z .
IOy, +( )17, +( )1 +ily = (g—1+D15+1], 4.1)
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Table4 Characters of G = Sz(g), whereg = 22m+1 > 8 induced by the unit characters of special subgroups
of G

1 P o ot uil’ ués K
Iy, a*@—D@ -2+ 0 0 0 4 0 0
I, a*@=D@+v2q+1) 0 0 0 0 4 0
Iy @+Dh@-1 g1 g1 g1 0 0 0
% ?@+D 0 0 0 0 0 2
1% > +1 1 1 1 0 0 2

where i € N. Hence {g + 4i |i € ZT} C K(G). To prove the latter inclusion is an equality,
it is sufficient to prove that 1(G) = ¢ and any element of (G) is a multiple of 4. Let
us show that if H is a special subgroup of G such that H N {U{ |x € G} # @, then
H € {U{|x e G}. Suppose for a contradiction that H ¢ {Uj |x € G} and U; and
some conjugates of it are contained in H. The fact that every subgroup of a finite group
is contained in a maximal subgroup implies there exists maximal subgroup M such that
H < M. Since |U1|||M|, it follows from part (v) of Proposition 19 that M = Ng(Uy).
Hence either |[H| = 2(q + +/2g + 1) or H = M. If |H| = 2(q + ~/2q + 1), then since
2| |H|and 4 1 |H|, it follows that 1% 7 (0) # 0and 13 (o) = O that is a contradiction. Suppose
that H = Ng(Up). So in view of the part (iii) of Proposition 19, H is the union of U
and exactly g + +/2¢g -+ 1 conjugates of (¢;) such that the intersection of any two of such

2,2 2
conjugates is equal to {1}. Therefore 1}, (0) = 9q"+Dig -1 .4 + V2 + 1 =4
, 4(q+f+1) (@-D@>+1D 4
and 1% (p) = @+ D=1 "Z“LmH = % and so 1%,(p) # 1% (o) that is a
Hg+V2q+1) g2 4
contradiction. Hence, if kg € K(G), then it follows from Table 4, Theorem 10 and above
discussion that 4xy, = ko, where xy, is the number of existence of the subgroup U; and
its conjugates belong to special subgroups Gy, ..., G, of Theorem 10. Therefore ko is a
multiple of 4. Now suppose that H is a special subgroup of G such that H C U,cg Q* and
H ¢ {Q"|x € G}. Itis clear that all non-trivial elements of H are of orders 2 and 4 and
so |H| |q2. Let |[H| = 2 and let x and y be the number of elements of orders 2 and 4 in H,
respectively. Hence x + y 4+ 1 = 2¢. Obviously y elements of order 4 in H belong half to
the conjugacy class represented by p and half to the conjugacyvclass represented by p~!. So
12((,):@.;3(1 15(p) = —— Gl 2
|H| 1122*11 @2+ 1)

. Since H is a special

|H| (¢ —D(G*+1D
subgroup, we must have l",‘,(p) = 12,(0) and therefore gx = y Hence x(14¢) = 2/ —1 and
s0g% > 2! > g.Note that if 2/ = g° thenx = g—land y = g> —¢g and 1% (&) = 1* (g) for
allg € G.Let2' /g = 2/.S0q(2/ —x) = x+1 which leads to a contradiction. Therefore if H
isaspecial subgroup of G suchthat H C U,cg OF,then H € {Q* | x € G}. Now suppose that
H is a special subgroup of G containing Q and some conjugates of it. Let M be the maximal
subgroup of G containing H. Since q2‘|M |, it follows from the part (v) of Proposition 19
that M = Ng(Q). So the part (ii) of Proposition 19 implies M is the union of Q and exactly
g2 conjugates of K . By the same argument as above, it can be seen that QN H = {1} or Q. If
ONH = {1}, thenclearly 1}, (0) = 13, (p) = 1’1"1(,0_1) =0andif ONH = Qand H # Q,
then we must have H = M Hence, if kg € K(G), then it follows from Table 4, Theorem
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10 and above discussion that (¢ — 1)xg + xo' = kg, where xg (resp. x¢/) is the number of
existence of the subgroup Q (resp. Q') and its conjugates belong to G, ..., G, of Theorem
10. Now if xp = 0, then xo' = ko. Hence if H = {H < G| H is a special subgroup of G}
and H' = 'H \ {Q’}, then Table 4 and Theorem 10 imply ;s x5 173, (k) = —ko, where
xp' is the number of existence of the subgroup H' and its conjugates belong to the special

subgroups G1, ..., G, of Theorem 10, that is a contradiction. Therefore xp 7# 0 and so
ko > g — 1. Now since ko must be a multiple of 4 and ¢ € K(G), t(G) = ¢ and this
completes the proof. O

Proof of Theorem 3 The result follows from the series of the results of Baer [1], Kegel [19]
and Suzuki [28] (see page 3) and Theorems 16, 17, 18 and 20. O

5 Non-trivial equidistance actions of some groups of fixity 2

It is proved in [17, Theorem III] the only non-trivial EPGC with fixity 2 must be isomorphic
to one the following groups:

alternating group A4 of degree 4;

symmetric group S4;

alternating group As = PSL(2,5) of degree 5;

a finite group G having a normal abelian subgroup A and an element x ¢ A such that
the Sylow 2-subgroup of A is cyclic, x 'ax = a~! for all a € A, the order of x is 2 and
G = A(x).

AW -

In the following, using Remark 13, we exhibit some equidistance permutation represen-
tations of groups A4, S4 and As of fixity 2 with the minimum possible length 14, 26 and 62
respectively.
ey

Ag =((2,10,4)(3,6,7)(5,11,13)(8, 12,9), (1,5)(2,4)(6,9)(7, 8)(10, 14)(11, 13)) < Si4
2
S4 = ((1, 18, 20, 3)(2, 10, 19, 12)(4, 21, 23, 6)(5, 13, 22, 14)(7, 24, 26, 9)(8, 15, 25, 17),
(1,26)(2, 23)(3, 20) (4, 25)(5, 22)(6, 19)(7, 24)(8, 21)(9, 18)(10, 17)(11, 14)(13, 16)) < Sz
3)
As = ((1,44, 36, 33,45)(2, 38, 52,27, 18)(3, 21, 28, 51, 37)(4, 16, 29, 53, 39)(5, 42, 56, 30, 12),
(6,14, 22,50, 46)(7, 59, 15, 35, 23)(8, 24, 34, 10, 58)(9, 43, 47, 25, 13)(11, 40, 62, 32, 54),
(17,55,31,61,41)(26, 49, 57, 60, 48), (1, 48, 9, 8,47)(2, 21, 20, 3, 52)(4, 16,41, 42, 17),
(5, 56,61, 62,55)(6, 35,57,24, 13), (7, 14, 25, 58, 36)(10, 34, 49, 50, 33)(11, 30, 12, 54, 53),
(15,59, 44, 43, 60), (18, 19,27, 37, 28)(22, 23, 46, 26, 45)(29, 39, 32, 31, 40)) < Se2

6 Generalized room squares corresponding to EPGCs

One of the interesting classes of combinatorial designs which plays an important role in the
study of EPCs is Generalized Room square.

Let X be a set of cardinality v. A generalized Room square (GRS) of side r and index A
defined on X is an r x r array F having the following properties:

1. every cell of F contains a subset (possibly empty) of X,
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2. each symbol of X occurs once in each row and column of F, and
3. any two distinct symbols of X occur together in exactly A cells of F.

Denote such a GRS by S(r, A; v).

In [5], itis proved that the existence of any one of S(r, A; v) or EP (r, v, A) code implies the
existence of the other. The following remark explains how to construct the GRS corresponding
to an EPC.

Remark 21 Suppose that C is an EP (r,v, 1) code and C = {cy,...,cp}. Let X :=
{xi,...,x}and I; j :={h € {1,...,v}|cp(i) = j}forall (i, j) e {l,...r} x{1,...,r}
Let F be an r x r array such that foreach (i, j) € {1,...r} x{1,...,r},the (i, j)thcellof F
contains the subset X; ; := {x; | h € I; ;} of X. Thenitis easy to see that F is an S(r, A; v).

In the sequel, we consider the properties of the GRS F introduced in Remark 21, where C
is an EPGC.

Proposition 22 Let C be an EPGC of length r and let F be the GRS corresponding to C. Then
foralli,je{l,...r}

(1) if j ¢ O), then the (i, j)th cell of F is entry.
(i) if j € O(), then the (i, j)th cell of F contains a subset of size |C;| (where C; is the
stabilizer of i, i.e. C; := {a € C|a(i) = i}).

Proof Let C be an EPG (r, v, A) code. We follow the defnitions and notations as in Remark
21.If j ¢ O(i), then clearly /; ; = @ and therefore the (i, j)th cell of F is entry. Suppose
that j € O(i) and C; = {cey = 1, ¢Cey, ..., Ce, ). Since j € O(i), there exists o € C such
that (i) = j. Soac,, (i) = jforallt € {1, ..., n}. Now suppose that there is 8 € C \ {«}
such that (i) = j. Hence o~ 'B(i) = i and therefore =!8 € C; which implies 8 € aC;.
Hence if aC; = {cy,, ..., cy, ), then I; j = {s1, ..., s,} and so the (i, j)th cell of F' contains
a subset of size |C;|. This completes the proof. O

Remark 23 Let C be an EPG (r, v, 1) code and let F be the introduced GRS in Remark 21.

(i) If C is transitive, then we must have A = 0 and therefore C; = {1} foralli € {1,...,r}.
So Proposition 22 implies that F is a Latin square of order r (i.e. is an r X r array defined
on the set X with every element of X occurring precisely once in each row and column)
such that the main diagonal cells of F contain the same element of X.

(ii) Proposition 22 implies that all of the non-empty cells of a row of F contain subsets of X
with the same size.

(iii) According to this fact that the stabilizers of elements in the same C-orbit are conjugate
and in view of Proposition 22, if Oy, O, ..., Oy are all C-orbits, then by swapping the
rows and columns of F', F can be convert to the following GRS, where A;,i € {1, ..., s},
isan |O;| x |O;| array such that all its cells contain subsets with the same size ﬂ (note

|O;

that by Orbit-Stabilizer Theorem, |O(j)| - |C;| = |C| forall j € {1, ..., r}) and for each
i # j,the (O;, Oj)thcell of F is an |0;| x |O;| array such that all its cells are empty.
Table 5 shows GRS corresponding to an EPGC.

7 Applications for EPGCs

We divide this section into two subsections. In the first one, we explore some potential
applications of EPGCs in the construction of permutation codes of larger sizes. In the next
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Table5 GRS corresponding to o
an EPGC o1 o2 Os-1 Os
01 Aq
Oz Az
Os_1 Ag—1
Oy Ag

subsection, we will discuss the advantage of EPGCs in encoding process which comes from
the fact that they are subgroups instead of subsets.

7.1 Potential applications in code construction

As we saw in the previous section, the existence of an EPC with parameters (r, v, A) is
equivalent to the existence of S(r, A; v). On the other hand, when we restrict ourselves to
EPGCs, the structure of corresponding GRSs were obtained and observed that the resulting
GRSs have poor parameters. To fix this issue and construct better GRSs from EPGCs, we
may proceed with the following method. Let C < S, be an EPGC of distance r — A and
T be a set of right coset representatives of C in S,,. Clearly, for any x in T, the right coset
Cx 1is also an EPC since for any ¢, d in C we have d(cx, dx) = d(c,d). Now we want to
add some right cosets of C to C such that the union is also an EPC. At the first step, we set
¢ .= ¢, and want to add one coset. If C U Cx; is an EPC then we need only to check
that all distances d(c, x1) is equal to r — X, for all ¢ € C If we find one such x; in T
then we set C® := C U Cx;. Now we look for the element x5 in T for which all distances
d(c,xp)isequaltor — A, forallc € C @ 1If we proceed with this method and find elements
X1, X2, ..., x then C*tD := CUCx | U---UCy is an EPC with parameters (r, [v, A). This
improves the the parameters of the EPC and the corresponding GRS as well.

For example we have considered the permutation representation of the alternating group
Ay in the symmetric group S14 which gives us an EPGC with parameters (14, 12, 12). The
number of right cosets of A4 in Si4 is 7264857600 which is a large number. We started
searching among these cosets to improve our EPC or its corresponding GRS. We only found
one of such cosets and hence we obtained a (14, 24, 12) EPC or an S(14, 12, 24). Note that
we have not completed the search in all cosets due to lack of time. Also, note that the best
known EPC of length 14 and distance 12 has 40 codewords. It seems interesting to find a
faster algorithm that can be run over all cosets of A4 and find the best EPC that can be found
from this method.

7.2 Application in encoding process

An important application of permutation group codes appears in encoding process. Like
classical codes in which when a code is linear, we use a generator matrix (whose rows form
a basis of the space) for the encoding process, here when the permutation code is a subgroup
of the symmetric group, we can find a representation of the code that enables us to encode
the data by using some generators of the code. Let us start with an example in our case.
Consider the group PSL(2,4). By Remark 13 and theorem 16, we can embed this group
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into the symmetric group Sg2 which yield an EPGC. Let us denote this code by H. Set

a :=(1, 44,36, 33,45)(2, 38,52, 27, 18)(3, 21, 28, 51, 37)(4, 16, 29, 53, 39)
(5,42, 56,30, 12)(6, 14, 22, 50, 46)
(7,59, 15, 35, 23)(8, 24, 34, 10, 58) (9, 43, 47, 25, 13) (11, 40, 62, 32, 54)
(17, 55,31, 61, 41)(26, 49, 57, 60, 48),

and

b:=(1,48,9,8,47)(2,21, 20, 3, 52)(4, 16, 41, 42, 17)(5, 56, 61, 62, 55)
(6, 35,57,24, 13)(7, 14, 25, 58, 36)
(10, 34, 49, 50, 33)(11, 30, 12, 54, 53) (15, 59, 44, 43, 60)(18, 19, 27, 37, 28)
(22, 23, 46, 26, 45)(29, 39, 32, 31, 40).

Then we see that PSL(2,4) = H = (a, b) < Sg>. Now, if we set

p1:=(1,26)(2, 28)(3, 27)(4, 29)(5, 30)(6, 23)(7, 22)(8, 25)(9, 24)(11, 12)(13, 14)
(16, 17)(18, 19)(20, 21)(31, 62)
(32,61)(33, 58)(34, 57)(35, 60)(36, 59)(37, 51)(38, 52)(39, 54) (40, 53) (41, 56)
(42, 55)(43, 48)(44, 47)(45, 50)(46, 49),

p2 :=(2,3)(4,5)(6,9)(7, 8)(10, 15)(11, 17)(12, 16)(13, 14)(18, 21)(19, 20)(22, 25)
(23, 24)(27, 28)(29, 30)(31, 32)
(33, 36)(34, 35)(37, 38)(39, 42)(40, 41)(43, 46) (44, 45) (47, 50) (48, 49)(51, 52)
(53,56)(54, 55)(57, 60)(58, 59)(61, 62),

w1 i=(1, 13,10)(2, 18, 37)(3, 20, 51)(4, 31, 11)(5, 61, 12)(6, 43, 33)(7, 45, 57)(8, 47, 34)
(9,49, 58)(14, 15, 26)
(16,29, 32)(17, 30, 62)(19, 38, 27)(21, 52, 28)(22, 44, 35)(23, 46, 59)(24, 48, 36)
(25, 50, 60)(40, 41, 53)(42, 55, 54),

w2 :=(1,7,59,57,9)(3, 18, 38, 37,20)(4, 39,41, 5, 61)(6, 23, 44, 10, 47)
(8,49, 15, 46, 25)(11, 55, 62, 53, 16)
(12,17, 40, 31, 42)(13, 60, 45, 43, 58) (14, 33, 48, 50, 35)(19, 27, 21, 51, 52)
(22, 26, 24, 34, 36)(29, 32, 30, 56, 54),
P = (p1, p2), Q1 := (1), Q2 := (u2), then P is an elementary abelian 2-group of order
4 and Q1,0Q» are cyclic subgroups of C of orders 3, 5, respectively. In fact, P is a 2-sylow,
Q1 is a 3-sylow and Q3 is a 5-sylow subgroup of H. Moreover we have Ng(P) = P x Qy,

Ny(P)N Qy = {1} and |H| = [Ny (P)||Q2|. Therefor H = PQ1Q>, and if g € G, then
there exists unique

(81,682,383, 84) € {0, 1} x {0, 1} x {0, 1,2} x {0, 1,2, 3,4},
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such that
81 8y 83 &
g=p'pyul syt (7.1)

Since this representation for g is unique, by considering the data as elements in
{0, 1} x {0, 1} x {0, 1,2} x {0, 1,2, 3, 4},

and saving the generators pi, p2, 41, 2 in memory, we can do the encoding process
easily.

‘We have the same discussion for the group $z(8). By Remark 13 and Theorem 16, we find
arepresentation of Sz(8) in Sx9128 which is an EPGC of fixity 8. Indeed, we find two elements
a and b of orders 2 and 4, respectively, in Sx9128 such that Sz(8) = H = (a, b) < Sr9128.
Also we find elements g1, g2, €3, 11, h2, h3 and k of orders 4,4,4,2,2,2 and 7, respectively, in
H such that Q = (g1, g2, g3) is a 2-sylow subgroup of G of order 64, Z(Q) = (h1, ha, h3)
is an elementary abelian 2-group of size 8, k belongs to the normalizer of Q in Sy9128 and
any element g € H can be written uniquely in one of the following forms (see Proposition
26, below)

g = gfl ggzgé% h?“hgs hgé’ g = gtlsl ggz gt;,z htizthgs hgék&ag(lsggggggmh?” hglzhgla ;

(7.2)
where 6; € {0,1},7 € {1,...,6,8,...,13},and §7 € {0, 1, ..., 6}. So, the uniqueness of
the representation for g implies that by considering the data as elements in

{10, 1}° x {0, 1,.... 6} x {0}, {0, 1}® x {0, 1, ..., 6} x {1} x {0, 1}°},

and saving the generators g1, g2, g3, h1, ha, h3, k, a, g1, g2, 83, h1, h2, h3 in memory, we
can do the encoding process easily.

In general, we need to find a decomposition like 7.1 or 7.2, for all of the groups elements
prescribed in previous sections. In what follows, we introduce such a decomposition for the
elements of PGL(2, q), PSL(2, q) and Suzuki groups.

Proposition 24 let G := PGL(2, p"). Then G has a generating set {jL1, ..., [ln, @, b} such
that for each x € G, there exists unique

(81,82, -+ 8ug2) € {0, 1) x -+ > {0, 1) x {0, 1,y p" =2 x {0, 1, .., p),
such that x = ,u‘flugz e Mz”a§n+lb8n+2.

Proof Let A = (a), B = (b) and P be the subgroups of G introduced in Proposition 15
and let H = Ng(P). At first, we show that G = HB. In view of the parts iii and iv

of Proposition 15, BN H = {1}. So |HB| = % =g(g — 1)(q + 1) = |G|. Hence
G = HB. Therefore, if x € G, then there existh € H and i € {0, 1, ..., p"} such that
x = hb'. On the other hand, since H is a Frobenius group with kernel P and complement
A, h = )a’/, where j€f{0,1,...,p" —2}and A € P. So the result follows from this fact
that since P is an elementary abelian p-group, there are p1, ..., i, of order p in P such

that A = u?‘ugz o where 0 < 81,85, ..., 8, < 1. This completes the proof. |

Proposition 25 let G := PSL(2,q), g = p" and p # 2. Then G has a generating set
{1, ..., un,a,t, b} such that for each x € G, there exists unique

-3 —1
(81,82,...,5,,4_3)e{(),...,p—l}”X{O,l,...,qT}x{O,I}X{O,l,...,qT},

5 8 5
such that x = ju{' 5% - - - py @bt £on2 s,
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Proof Let A = (a), B = (b) and P be the subgroups of G introduced in Proposition 15
and let H = Ng(P) and D = Ng(B). Since there exists t € G of order 2 such that D =
{'bl10<i<1,0< Jj < %},ifweproveHﬂDy = {1} forsome y € G,then G = HD”
and thus using the same argument as in the proof of Lemma 24, the result is obtained. Suppose
first that g = 3(mod4). In this case {x € G |x> =1} = {(bq%l)g lg e G}.SoHND = {1}.
Now suppose that ¢ = 1(mod4). In this case {x € G [x2=1}= {(a%)g | g € G}. Since

2
Ng(D) = D,|{D®|g € G}| = qz((qu:ll)) = w. Each of the D#8’s contains % elements

of order 2. It is clear that all elements of order 2 in G are conjugate and there are g (¢ + 1) of
them. So each one is in the same number of D’s. Hence by the counts so far, each element

2_ _ . .
of order 2 is in Z;‘%q +]1; = % of the D¢’s. Then since H contains g elements of order 2, the
intersection of H with at most @ of D#&’s is non-trivial. Therefore, there exists y € G
such that H N DY = {1} and this completes the proof. O

In the following, we follow the notations in Sect. 4.

Proposition 26 let G := Sz(2"), where n > 3 is an odd number. If Q = (g1,..., &m)>
Z(Q) = (h1,...,hy)and K = (k), then {g1, ..., &m, h1,..., hy, k, T} is a generating set
of G such that for each x € G, there exists unique

(81,02, ..., 82my2n42) € {{0, 1" % {0, ..., 2" — 2} x {1} x {0, 1}""*" {0, 1}"*"
x{0,...,2" — 2} x {oymnHil
such that

x = gllsl L gfr:”hfierl . hflzn+rzk5m+n+| T5m+n+2gflsm+n+3 . g312m+n+2h(i2m+n+3 . hlernJanJrZ-

Proof In view of [27, p. 3, lines 11-13], every element g € G can be uniquely decomposed
into one of the following two products:

g =S, bk'TS b)), g = S(a, b)k',

where a,a’,b,b’ € GF(2") and 0 < i < 2" — 2. Also, in view of [12, p. 2, lines 32-35], an
element of Q can be written uniquely in the form g‘f‘ e gf‘,{”h’f b hf”, where the «; and
Bj are 0 or 1. This completes the proof. O
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